
Type systems
&

simply- typed d-Calculus



Previously , grammar of d-calculus

E- i. = ✗ / ix. E / EE
(var) Cabctradrin) (application)

- in the typed d- calculus , wemilmoiicakthetgpe -F"ᵗʰ
"

of each argument of a function :

dx.ie?E-xisoftypr-



Types
- what is a type ?

- a set of related values

- e.g. ,
"

int
"

type describes integer literals . . . ,
-2
, -1,0 , 1,2, . . -

and all expressions thatwaft integers-
-we usethe notation t ,→ t_ to describe afunction
from t , to tie

-

e.g. ,
int→ int describes all function from
integers to integers



Adding sometypes
- we will extend the language to support two new types
- int

,
with values n C-I

- unit
,
with the valve C)

i. in ✗× : T .
E

,

T : : = int / init I ≈ → T



Grammar of simply-typed d-calculus

types ≈ : : = int / unit / ≈ → ≈

valves ✓ : : = n / C) / Ax :-c .
E

expressions E : : = ✗ / Xx :-c
.
E / E E / n / ETE / c)

T
a→☐EÉiiÉ¥



Type systems

- Types do not changethe operational semantics (evaluation) ofprograms !

-But we can use types to help reason about our programs and
to ensure the absence of type- related bugs←e.g.

8 + 1)

- when used in this way , we refer to our language
additions as a type system
- another form of (embedded) semantics !



Well-Typed programs

guarantee : any well
-typed program will not get stuck

- an expression E is stuck if E is not a valve

and there is no E
'
such that E-→E

'

e.g., ix. ✗ + 10 is stock !

C) 8 is stuck !



The TypingRelation :

IT
1- E : ≈ assets that under typing context

T
,
E has type T

gamma _ a typing context is a set of variables and their types
e.g. , ∅ , { × : int , y : unit→ unit }

If I ≈ where T t E : T , we say E is well-typed under T
- if 1- = ∅ ,

we say E is well-typed



Type Safety
Formally : if 1- E : T and E# E

'

then either E
'

is a value

or F E
"
s -t . E

'
→E

"

Two parts :
"

Preservation
"

: if 1-E : T and E→*É then 1-É : ≈

"

progress
"

: if 1-E :I then either E is a value

or I É s.t. E→ E
'



Simply-typed d- calculus type rules

INT
ttni.int UNIT

1- + D: unit

anycontext

VAR { × :-c }≤ 1-
Ttx :-c



simpty-typcdd-calailnstyprrulestl-E.uit.ttt-i.int
TU{× :-c}tE:T

'

ADD ABS

1- 1- E. +Ez :int 1- thx :-c .E:T→T
'

App
FEET'TtE, :-(

'

→≈

TTE ,Ez:T



e.g. prove 1- (dximt.at/)lo:int

INT VAR
1- tz.int

,
ttx.int

ADD
1-{ x.int }tz+x : int

ABS
tdx.in/-.z+x:int-int

'NT
tio.int

App
1- iwt.at/)l0:int



Typrsafetyin the simply-typed d-Calculus

guarantee : a program thatgets stuck is not well-typed
- are all programs

that do notget stuck well-typed ?

e.g. , ( Xx : unit .✗)4 -54
(identity)

e-g. , (dx . ✗ × )( ✗ × .

✗ × )
can't bet → t '

,

because
'

its applied to itself,

If# which would make the first

what are their types ?
(t→t ' )→ . . .



Type safety in the simply-typed d-Calculus

guarantee : a program thatgets stuck is not well-typed
- what we can say

is that all well- typed programs terminate

i.e.
, if 1-E :-c , we can

reduce E to normal form

(i.e., no redexes)

- to properly describethe types of ix.✗ and
recursive functions , we need a more sophisticated
type system !



Type inference
- what if function arguments don't type annotations ?

e.

g. dx.dy.dz . if (y (4+7) then ✗ else z

- can we still perform typechcda'ug?-
infertypes : hx.int . dy.int→tool .

dz.int?
- how can we formally definethis process ?



Type constraints

given type context T and expression E , we would like to

formally specify a set of constraints that mustbe satisfied
so that E is well -typed under T

- constraints will take the form of a set of equations typevars
between types and type variables ⇒

e.

g. C
= {✗= int ,F- int→Z }

- satisfying the constraints means findingamapping from
type variables to types st . all the efnatious are in agreement.



Deriving type variables + constraints

- update T : : = int / aint / ≈→≈ / ×ÑFʳʰᵈʰ
✗ '" Zi . _ .

- new typing relation 1- 1- E :T D C - E has typeÉitc satisfied

- update rules to help derive values of ≈ and C

Tt E , :Ti DC, ,
TtEz : TrBCz

e.g. i c-ADD
1- 1- E ,

+Ez : int D C, V Cz U {I , = int ,I = int }



Deriving type variables + constraints

Tv { ✗ :-c , } t E :%DC
c- ABS

1- t d× : T , .

E : -4 → TsDC

1- 1- Ei : -4Dci , T 1- Ez : ToDG , C = G U Cz U {T, = To→✗ }
c-APP

1- t E , Ez : ✗ D C



e.g. idaivetgpraonstraiutsforthe expression :
da :X .db:Y

.at/b(z+a))Tt2:inth0Tta:X00Ttb:YD0Tt2+a:iutisint--int,X-
int }

1-1-4 :iutD∅ 1- 1- beta) :Zo{ int.int/--uit,Y--int-sZ }
1- {a :X ,b:Y}t4tCb(2+a)):intD{ iut-int.x-intif-uit-z.it_imt}
1- { a :X }tdb :X.4+(bota)) :'(→into it }

1- da :X .Xb:Y.4+(blzta)) :✗→Y→intD{ " }



e.g. , derive type constraints for the expression :

da :X
.
Ab :Y

.

4 + ( b (z + a))

C = { int = int ,
✗ = int

,
Y = int→ Z

,
Z = int }

- to "solve
"

this set of constraints ,
we will find a mapping

from type variables to types that simultaneously satisfies
all its equations . \

- can be approached as an inAam ofthe
more general

" unification problem
"



The Unification Problem
- modeled as a set of equations { 4-- r, , ↳= rz , .

. . }
where Li

, ri c-
terms U variables

- terms are symbols up somearity
% ✗ ' Y ' fG) ,
glx , y ,flx))

- variables can bemapped to terms_e.

g.✗ , p
- a substitution ormaps variables to terms , and
is said to unify L=r if o (l) = olr)
- solving a unification problem means finding a substitution
that unifies all its equations .



Unification Algorithm
4 operations :
-

given C
= { 4 = r, , ↳= ra , .

. . }

①Delete : trivial equations of form f- L can be
removed

②Decompose if( 4 , la , .
.
. in) = f-(ri , ra , . _ , rn) can be replaced

with the set { L , = r, , ↳ = rz
, . . . ,

Ln = rn}

③Orient : I = r can be replaced up r=L if r is a variable
and L isn't

④ Eliminate : L= r
,
where L is a variable , can be used

to substitute r for l elsewhere in C



Unification Algorithm
4 operations :
-

given C
= { 4 = r, , ↳= ra , .

. . }

- c is in solved form if :
- Li

,
Lz

,
. . . are distinct variables

-

ri
, ra , . . .

do not contain any variables



e.

g. ,
solve the unification problem {✗ = f-(x) ,gca ,a) = gun , f) }

{ ✗ = fcx) , gun ,a) = gk , p
) }

eliminate a

{ a = f- (x)
, g (fix) , flx)) = glflx ) , f) }

decompose g
{ a = f-(x ) , f-(x) = f-(x) , f-(x) =p }

delete

{✗=f-(x) ,
fcx ) =p }

orient

{a = fcx) , p = fcx , } ʳ={%Y→¥



Type inference as Unification
.

.

e.g. , solve { int = int ,
✗ = int

,
Y = int→ Z

,
Z = int }

delete

{ ✗ = int
, Y= int → Z , Z =

'

int }

eliminate 2-

{ ✗= int
, Y = int→ int , 2-= int }

or = { ✗⇒ wit , Y int→ int
, z int }


