
small- step semantics



Type of Operational semantics

- Big - step - evaluate an entire expression in onebig step
et v : expression e evaluates

to valve v

- small - step- evaluation is
modeled as a series of small steps

e→ e
'
→ e

"

→ e' "→ . - .
→ v

e→
*
v : e evaluate to ✓ after a seriesof steps



Bigskpvs . Small step

40+4×10014440 Vs
. 40+4×100 -3401-400

40+400-3440

40+4×100-5440

40+4×100 -7*440



"

simple Imperative programming Language
" GMP)

arithmetic caps : E
: : = Integer / Var / E-⑦ E

boolean exps : B
: := true / false / E~E

statements : S : : = skip
1 Var : = E

I S , ; Sz

1 if B then S ,
else Sz

1 while B do S



Evaluation relations :

lbigrkp) ( small shop )
aritheaps :(E. or > Her (E. 0>→ E

boolean egos :(13,0>Nbb (Bio) -313

statements :(go > Iso
'

Go>→Gio
'>



Arithmetic Expression

LITERAL-
where ¥2

VARIABLE gx.gg#whereolx)--iCir>→ i

fi.i-oiz.ir#iswhereis--ii+Oiz ,ii. is , is c- 12
ARITH

É
↳④ ez ,o> →¢ ,

ez
,
,>
⇐'o>→
{ itez ,o>→Cites:o)



skip the empty program !
←

(skip ,
o> → to ,

o>

i.e.
, (skip .

07 is a final configuration



Assignment

① <× :=v,o> → < skip ,of✗:=v)>

(e ,o> →ee
'

②

<✗:=e,o7→é



Sequencing (Si ; Sa )

↳kip;s,o-<s

e.is?:Eii:iiii..-.>
s
,

is untouched !



if- statement

lifbtnens.es?'s?oJb-ICifb'+hens.das.,o#
(if true then s, else sz ,of → (s , , o>
< if fela then s , else ↳ ,

o>→<sz , o>



while - statement

{while b do s ,
is> → If b then (si whileb dos) else skip , or>



e.g. , evaluate { n : =4 ; while n < to do n : = n+8 ,
5(n := 0)>

→ ( skip ; whiten<10 do n : = n+8 , ofn : =4) >
→ (while ndOdon : = n+8 , ofn : =4)>
→ Lif nao then n : = nt 8 ; W else skip ,

or (n : =4) >
→ (if 4<10 then n:

-

- n+8 ; W else chip , oln : --4) >
→Lif true then n: -- n+8 ; w da chip , oln:=a) 5
→Ln:=n+8 ; w ,

oCn : =4) >
→{ n: = 4+8 ; w , oCn : --41>

→(n: = 12 ; w , sch : =4)>

→(skip ; W , or (n : = 127 >



→(while n< to do n: =n+8 ,
or (n : = 12) >

→<if nao then n := nt 8 ; w elseskip ,
oln : -42) >

→ < if 12<10 thou n: = n+8 ; W else nap , oln :=121 >

→ <if false then n: -- n+8 ; W da skip , oln :=D ) >

→ < snip , or(n : = 12) >

{ n : =4 ; while n < to do n : = n+ 8 , 5(n := 0)>

→
*
<skip , ofn : = 127 >



More Arrows !

→
°
=

" identity
"

→
'

= single slap / →
→
"
= → . →

n- '

→
* = Ufo→

i

→+ = Ui?,→i
a← b = b→ a

← = → u←

←
*
= (→u←)*



⇐* is likely more general than you think !

a⇐
*b ¥ a←*bUa→*b

e.g. , if a←c→d→e←f←g→b ,
a←s*b



Revisiting church -Rosser

if a# b. then aandbnormalintothe same value !

a<*→b

*%oI*
equivalently ,ifa→b , and a→ba , b. audbznormale.si to
the same value .

I 1-2+3 " confluence "
← ↳ aka .

31-3 1+5 "
diamond

→
6 ← property

"



What has it ?

- Alonzo church +J .Barkley Rosser proved that the
d- calculus has these properties in 1936 !
- Most programming languages have

'

it (sometimes)
- does C ? consider foo ( it+ ,

i - -)
# evaluation order

why does itmatter ? is not specified !
- verymipoofaut fortheorem provers
-

one benefit : you can check if a = b by evaluating them .



• . .
thus far , we've focused on operational semantics

i.e. , what they evaluate to (big dep)
+

how they are evaluated (small dep) } on some abstractmachine
-

It would be useful if we had a way to more generally
specify whata program is supposed to compute , sothat
we may verify it correctness →A✗iics


