
Lambda (d) Calculus



what is it ?

-

very simple +powerful programming language
- only two concepts : function abstraction + application
- can be considered a universal machine code for

programming languages (most naturally, functional
ones)

- we can describe constructs + techniques in other
Pts in the ✗ calculus



Whydo we need it ?
- its simplicity makesit easier (than

" real " Phs) to
reason about

- also easier to develop proofmethods forit !
-if we can reduce some other language /program to
the d calculus , we canmore easily prove things
about that language/program



also, parenthesized Es
Grammar
E : : = var / function / application

£

- var is a variable name - we will stick to single letters
✗
,
f

, g ,
✗
n
,
✗
"

,
.
. .

- function (aka abstraction) : : = A rays) .

E
←

"body
"

ix. ✗ , dx.dy.fi y , Xxy . Af . dg .
f- (gxy)

- application : : = EE

✗ y , f-(gx)Chy) , (Xxx) (Xxx)



Some more examples
ix. ✗ identity / id

dxy.ie#x.dy.x { selection (fst ,sud )
dxy.gr#x.dy.ydfx.fx-=df.Xx.fx apply
ix. ✗ ✗ self-apply
xg.df.dx.gl/-x) composition (goof )



Associativity & Precedence
- function abstractions are right- associative ; e.g. ,

dx.dy.it . ✗yz = ix. (dy .

( Az
. xyz))

- function application is left- associative ; e.g. ,

fghx = (((fg)b) ✗
- function application has higher precedence than abstraction ; e.g. ,

dx.xydz.kz = dx . (( ✗ g) (dz.kz))



dcaladusttsts
- help us visualise relationships between sub-expressions

e.

g. dx.xdx.fxxldy.ylzdw.li/.xz)(dy.yz)dxdxappieotio"

@ dw

I ← 11 I

§, @ 2- Try✗ Xx
f- ✗ / \ I

✗ YY 1%119
y

✗ y
2-



Free is Board Variables

- function abstractions (is) creates variable bindings
- a variable in an expression is found ifhisseededA
by a 1 that kinds it; otherwise, the variable isfreeS

in a AST, if we can find
a binding parent



- which variables are free and which are bound ?

datdxxz)(dyyz) ( dx.xykdy.mg) dx.ydy.yzdz.tt
dy @ Ax
11

Xx dy f
@

Yy/Cray l l✗✗
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@

Nzd¥ ,
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B-reduction (function application)
-we perform a P-reduction on an application of a l-abstraction
by substituting in the brody of the the value ofeach argument
for every corresponding instance ofa variable bound bythe

i.e., [ix. EDF -xtFIXJE&↑substituteFforx vi



examples : [ylx]×

fmwbindingldx.xly-py.LY/IHInAirentvars !
(dx.tx.xly-dx.x-dy.ly/xIx2(dx.xz)(dy.y)-pFldy.y1zp-Z
( (dx.dy.yxjabp-T-aktdy.yxiy.yar-yfjgyo.ba
( dx.dy.ly/i)yp-zdy.yYX-difereatmcaningfomthe-yH]dy.y× original function !



✗- equivalence
- when two d- abstractions use different bound variable
names but otherwise have the same meaning ,we say
they are ✗- equivalent
- ✗- conversion is the process of renamingbound vars
in A-abstractions -it is semantic -preserving !
e.g. , dx.x-jdy.y-dz.zdx.x-dy.y-X-2.ie



are these valid ✗ - conversions ? (are they a- equivalent ?)

ix. dy .
✗y

da.db.at

ix. dy . yyx#

dg.df.gg/-ddx.xdy.zy#di.idj.kDjdx.dy.Xz.xzy?---Ya.ky.d
b. aby

ix. dy.ge?---Xdy.iy.yyD



d- capture (variable capture)

- occurs when a B- reduction causes an a free variable to
to fall into the scope of a bound var w/ the same name

e.g. , ( ix. iy.yxly-siy.gg
- we prevent ✗-capture by ✗- converting the d- abstraction
so that there are no name clashes

e.g. (dx.dy.yiy-dx.dz .
2- ×)y→p lazy



e.g. - convutthistreeintoanquivakut d- expression
- simplify bypnformiugasmanyps - reductions /

d-conversrionsaspossibk@ahfdx.dz.zxHdy.zXda.aa)
da 111

/ \ Idxdy@ldxz.zxKdy.z-Kda.aa)
1 I / \Xz

z a a

¥
Z ✗ (thanks .pro/-.Bedanan !)



(dx .dz#)(dy.z)(da.aa)
it

( ix.dw.wxkdy.zkda.ae)
fB Edy.tl/Jdw.wx ①

(dmwdy .z) (da .ae) µ Edy

.ie/yJzfB-da.aa/wJwdyz(da.aa)(dy.z-)-(dy.z)(dy.z-)B-dy
.ie/aJaa



-
"Eta" (Greek H)

1 - reduction

-if x is not free in E, then MX.EXTE
- think of this as anticipating a future p-reduction!

eg. (xx.gxLy 051xJgx97

(g)y



e.g. Siy.xx.yx(we 2(1x.wx) == we

(ig.y)(wz -> WE

B

e.g. g. 1xyx> My.y

- demonstrate equivalence ago application/p-reduction



Normal Form

- a reducible expression (aka redex) is any expression
to which we can immediately apply a f- reduction

- an expression w/ no redexes is in normal form
-not all expressions can be reduced to normal form !

e.g. , (ix. ✗ ✗ ) (ix. xx) →p Cdx xx) (Xxxx)
- do we always need to reduce to normal form ?
-

" real " programming languages typically don't ! (why ?)



Weak Head Normal Form (WHNF)
i if the root mode of the AST is a d-abstraction , we
do not need to reduce any further

- this is WHNF

e.g. , dx .
(dy .g) (dz .z) is in WHNF

for normal form : p↳ dx.dz . 2-

- intuition : wait until function is applied to evaluate its body
- note : we will often prefer to evaluate to normal form to

tater understand the meaning of a d- expression



Evaluation Order
- If we have multiple redexes ,

in whatorderdo weperform
B- reductions ?

*Applicative order evaluation : always reducethe leftmost ,
innermost redex first

i. e.
,
evaluateorgs before applyingfunction

* Normal order evaluation : always reduce the utmost ,
outermost redux first

i.e.
, apply function tnfore evaluating args



Evaluation Order

*Applicative order evaluation :

Ez→pÉ_ call.by-value /
(dx.EDEz-pldx.FI# eager evaluation

* Normal order evaluation :

=iE→[E×]E,

call -by -name/
lazy evaluation



e.g. ( ix.df.fxkdz.HU/lq.q)6lr.r))apphiatimordir
: normal :

Cdffdz .z)Kdqqr)) ( f.fdz.zkdq.qkdr.ir))

( if .az .at/1r.rq.qkdr.nl/d-k-)Xr.rdz.z
dr.rdz.ir

Az
.
-2 Aziz



If a d- expression has a normal form ,

- performing B- reductions in normal order will get us there
-if applicative orderevaluation terminates it will yield
the same result as normal order 4

may
not !



e.g. (ix. g) (( ix.xx )(Xxxx))

applicative:X normal:&
( ix.g) ( Cdx .nl/dxxx)) Y

fB
(day)( (Xxxx)(Xxxx))

¥



BI !

- applicative order often has fewer reductions

e.

g. , ( Xx .
xxx . . . ) (C) ( K ) . -7
ninetiesresultTIE

- normal ordermaybe more efficient
e.g. ( ix.g) (C) ( y ) . . . )
-

neverevaluated !



Church - Rosser Theorem

- the order in which reductions are applied to d expressions
does not change the eventual result

- guarantees that normal form
is unique !

- more formally , that p - reduction satisfies the diamond property :

-if E.⇒ Ez and E E3
,
there exists someµp*Ei

E-¢ such that Ez→p*E¢ and E3→p*E4 Ez Ez

(proof is nottrivial)
¥ #
E4



Outline of proof
←

single step
↳

Lemma: if E , -2 Ez and E ,→pE3 ,
there exists some

East. Ez→p*E¢ and Ez¥E¢

flax .EDEi*→[Ei/x]E 'proof of lemma : ④✗ •
EDE-
→ [E, /✗]E ,
r.E.ae

outline of proof : Ep?
'

"

÷ .
.

g.
.
.
.

-

"

n
ii

(nottrivial)
→

. ;÷÷÷.
Ea ( inductive proof)

→



Corollary : if E ,# Ez and E ,⇒Ez , where both
Ez and Ez are in normal form ,

then Ez = Ers

i.e.
,
when a d- expression has a normal form , it is unique .



Data representation
- the "pure

" d- calculus only has functions as values
- sometimes we cheat and extend the syntax to
include common values (e.g. integers and operators
e.g. ,④ × . Xy .

✗ + y ) 10 ) so① 30

- we can also encode values such as wikgers and
Booleans (and related operators) by mapping
them to functions !



Boolean Operators + Valves
- we want to define functions that represent :

TRUE
,
FALSE

,
IF
,
NOT

, AND ,
OR

where :

IF Ez = E ,

IF FALSE
due to

-

implementation :NOT TRUE = FALSE

NOT FALSE = TRUE TRUE pick the
first of two ,AND TRUE TRUE = TRUE

" FALSE TRUE = FALSE
FALSE picks the

second
0£ FRUE FALSE = TRUE

" FALSE FALSE = FALSE
a ^ -



Boolean Operators + Valves

TRUE I ix. ✗g.✗

FALSE _= dx.dy.ly
IF I db.dei.dez.be.es

NOT I db.bldx.dy.ly)(dx.dy.ME/1b.bFALSETRVEAND---Xb..dbz.b,bzFALSE
OR = Rb

, .dbz
.
b.TRUE bz



Church Numerals

- one wayto
encode integers in the d- calculus

- idea : integer n represents n repealed applications of
a function f- to an argument ✗

0 = tf . Ax .
✗

I = ✗f. ix. f-✗
2 = df . ix. f- (fi)

:



Church Numerals

- how do we increment (+1) a Church numeral ?

- define INC , where INC 0 = 1
,
INC 1 = 2

, . .
.

INC = in
. if . ix. f- (f (fl . .

.

( f- ✗ ) )))
¥+6

= in
.
✗f. ix.f (nfx ) (try DEC for

a challenge !)



Church Numerals

- how do we add Church Numerals ?

- define ADD , where ADD M N = the (MtN )+h Church Numeral

ADD = dm.hn
.
✗f. ix.mf (n f- ×) (try Mutt for

or a challenge)
ADD = dm.hn .

m INC n

w

apply INC m times to n



Recursion

- how might we implementthe following Racket function
in the d- calculus ?

(define (f ×) (f (+ ✗ 1)))
what isEf ( incl)

but now f
needs

a copy
of itself

butmet . ✗✗ .

f Linc ✗)
must pass in
itself , so . . f.dx.fi#)fFx.fGNc ✗ ))

( df . ix. f- f- ( incl)) (df . ix. ff ANC ✗ ))



( df.it/.ffC1Ncx))(df.dx.ffGNcx )) 0

( ix. ( if .dx . ffcincx)) (df.dx.lt ( incl )) ( incl)) 0
(dfdx

. If ( INC ✗1)(df.dx.lt ( INC ✗ 1) (INGOT
1

( ix. ( if .dk/f(incx1)(df.dx.lfC1Ncx))C1Ncx)) 1

( ✗f. Xx .lf( INCH)(hf.dx.lt CINCH)(1N#
2

:
i



The Y- Combinator

- def. combinator : a HOF that uses onlyfunction application
to compute a result

- we can extract this pattern of repeated function applications :
f- (f ( f (f . . -

-

- define Y ,
where Yf = f-(Yf ) = f (f (Yf )) = . . .

Y = Af . ( ix.f (xx)) (ix. f- ( xx) )



Y = ✗f. (dx.tl/x))(dx.f( xx) )
try YF

= (dx .F(✗ ✗ 1) ( ix.F(✗ ✗ 1)
= F@dx.FCxxHldx.F (xx ) ))
= FCF ( ( Xx .F(✗ ✗1) thx .F(xx ) )))
=F(F(F( (dx.tt/xNdx.Flxx )) ) ) )

:



Termination ?

- is it possible for (Y F) to terminate ?

YF = FLY F) = F ( F (YF)) ^^ -

- Yes ! if F does not evaluate its argument .
e.g. F = DX .

T

-but only under
call-by -name semantics !

- what happens under call
-

by-valve
?



Using Y
e.g. un Y to implementthe recursive factorial function :

FACT I dn
. if n-0 then I else a ✗ FACTG- 1)

FACT
'
= df.hn if u --0 then I else n ✗ f- (n- 1)

FACT = Y FACT
'

= ( df. (dx . f- (xxl) (dx
.f- (xx ))) FACT

'

= ix. FACT
'

(xx) (DX .
FACT

'

(xx ))
= FACT

'

( DX .FACT
'

(xx)) ( ix. FACT
'

( ✗✗ ))



FACT a dn
. if a-0 then I else a ✗ FACT (n - 1)

FACT
'
= df.dn.it n --0 then I else nxf (n- 1)

FACT = Y FACT
'

= ix. FACT
'

(xx) (DX .
FACT

'

(xx ))
= FACT'(dAÉFATE✗ ))

=
FACT

'

(Y FACT
'

)
= FACT

' FACT



FACT
'
= df.dn.it n --0 then I else n ✗ f- (n- 1)

FACT
' FACT

= dn.it n= 0 then I else n ✗ FACT (n -1)



-we have seenthat wecan represent deifreut types ,
control constructs

,
and recursion in the d-calculus

- some semanticpatterns are a bit harderto translate , however . . .
- exceptions
- non- deterministic algorithms
- generators & coroutines



Continuations

- a concept /technique that wecan use to explicitly express
the control - flow of expressions/programs
-

very handy forbidding control- or
-

semantics !

- at any point in the evaluation of a program ,
a continuation

represents the rest ofthe program



e.

g. ,
in dx

.

h (g (f ✗ 1) what is the continuation
after evaluating the subexpression ( f- x) ?

h (g FIT
" semantic brackets"

- how could we represent this continuation ?

K = iv. h (gu)
- how do we" use" this continuation ?

K (f x)


