
Counting + Combinatorics
CS 330 :Discrete structures



Counting is fundamental to answering many problems that
arise in discrete mathematics .

E.g. ,
how many operations are required to carry outa
given algorithm on someinput ?
how many guesses do we

need to brute force
a password / key ?
how

many diluent arrangements ofpieces does
a game

-playing algorithm need to consider ?



Combinatorics is a branch of mathematics that deals
with counting and arranging things !

e.g. , combinations , permutations , enumeration



Important: we dou't typically want to enumerate all the

things in order to count them !

sometimes "

counting
"
can use quiteaIot of mathematical cleverness !



Basic combinatorial techniques :

I . Sum rule

2
. Product rule

3 . Subtraction rule

4 . Division rule



Sum rule

if we must choose an element from either at A or B , and

A and B are disjoint lie. . A nB = 0) , then there
are lAlt fBl choices in total .



e.

g. , if
a dungeon gives us a choice to go down one of

two paths A or B , and A ends in 3 doors and
B ends in 5

,
how many different doors can we

choose from ? by

Fees: of 3 t5 = 8

B JCP→ co
cog⇐go



Product rule

if we must choose an element from both set A and B (ie., one
from each) , then there are l Al x 1131 choices in total .

* the choices must be independent . I .e. , regardless ofthe
element we choose in A , there are still 1131 choices in B,
and vice versa .



e.g. , a proposed license plate numbering system consists of
3 letters followed by 3 digits . How many possible
license plates are there ?

A : pick letter I - 26 choices

B ? 11 I ' Z
- Ll l .

C ? 11
' l 3 - Ii

Ll

D : a digit l - to choices

€ : c '
'l Z - 11 11

F : u 4 3 - i. it

26 x. 26×26×10140×10 = 17,576,000



e.g. , a traveling salesman wants to visit all so stales .
how many differentways lie, distinguished by visitation
order) can they do this ?

Ist stale = 50 choices 50×49×48 x . . .

x I = 50 !

Ik y = 49 choices

3¥ "

.

= 48 choices /
23.04×1064

:

each specific ordering is called a
"permutation

"



e.g., how many functions arethere from set A to
setB ?

①!µg÷
- for each element of A , we have n. choices

- we must choose uidepeadeutty forall values ofA
NA

-

HB = his ways

IAI= ha IBI--NB htt

e.g. how many one-to-onefunction are there from
A- to B ?

- for a, , we have his choices ; for az , NB- l choices , .
- -

-

nex (ne - 1)x(ne -2) x . .
. x (nos- (na- i))

9
#choices taken by preceding values inA

-



e.g. , I want to travel to Istanbul
.

There are 3 flights and 2 ships to Bordeaux

From Bordeaux , there are 2 fhgies and 4 trains to Istanbul .
How many ways are thereto travel to Istanbul via Bordeaux ?

3 fights Zftghfs

X.Is .

• z ships Bordeaux 4trains
Istanbul

Chicago ← product rule

(31-2)×(2+4) = 5×6 = 30
w-

\ I
sum rule



e.

g. ,
how
many different top- ten rankings exist for a

list of too songs
?

100 X 99 x 98 x97 x 96 . . . x q I =

90 !

an r- permutation of set A is an ordered collection of
r elements drawn from A .

given a set of n elements , and I E rEn
,
how

many
distinct r-permutations of the set are there ?

n l

P(n , r) = & each permutation contains no
( n - r) ! repealed elements ?



e.g. , how many different sequences of
5 rolls are there

given a 6- sided die ?

5

6 x 6 x 6×6×6 = 6

given a set of n elements , and I E rEn
,
how

many
distinct r-permutations of the set are there , if rqidntions
are allowed ?

= n
r



Subtraction rule (aka . inclusion- exclusion)

ifwemustchoosrandemeatfam either atAorB , where
A- and Bare overlapping Cire, AAB -1-0/7 , then there
are IAHIBI - LARBI choices in total .

A B

• •

←
total unique choices•

a
•

• •
•

'

- IAI (6) +1131+5 - HABIG)
•

= 11-2=9



e.g. , given too CS majors , 50 CPE majors ,
how

many total students
in thesetwo departments ?

I00t 50 = 150 ?

* only it sets of es and USE
majors are disjoint sets !



e.g. , given too CS majors , 50 CPE majors
how

many total students
in these departments ?

opealso given : so es fee majors
"

⑧Ics v opel = lost t land
- Ics nope I

= I 00 t 50 - 20 = 130



e.g. , given too CS majors , 50 CPE majors , 30EE majors ,
(times

countedon
.

how
many total students

in thesethree departments ? yes ✓
uneven
shown)

also given : 20 estate majors
15 CSIEE majors

E :Y¥¥¥ig. "
-

EE

les UAE U EE1=19+197 It IEEI
- Ics hotel - Icsh EEL - keen EEI

1- (Csn CTEAEEI
= 100+50+30 -20 - 15-101-5=140



Division rule

it set A- is the union of n non-overlapping sets , each

containing deterrents , then IAI -_ n - d
,
and n -_HI

d

how is this useful ? # al distinct

•

t
• •
← elements

•
OE

"

• •

•
@

•

A- all elements •←
d elements that are

•
.

•
•

• effectively equivalentunder consideration
• • •

•



e.g. ,
how

many ways
are there of seating 4 guests at

a round table ?

. .
.

a

÷
.

÷÷i÷÷÷÷÷÷:



e.g., how many ways
are there of seating N guests at

a round table ?

00000T

|⑦n¥m;e
total ways

= NNL = (N -D !



e.g. ,
how

many differentgroups of 4 students can be formed
from a 100 - student class ?

# 4-permutations = 100×99×98×97
-tart orderdoesn't matter Mui group !

# equivalent ways of ordering 4 students = 4 ! = 24

by division rule , # differentgroups =
100×99×98×97

-24
an r- combination of setA is a subset of A up r elements .

how many r
-combinations exist foran n- element set ?

C(n , r) = (Y) =I * without repetition !
→

(n- r) ! r !
"
n choose r

" ←
aka " binomial coefficient

"



Some special cases :

( no) = n!÷ = I 0 is the onlyair 0 subset

(Y ) =I = n n subsets of sin I
Cn- l) ! l !

(
"

n ) = = l l subset of sin n Ahe at
0 ! n ! itself)

( n! ,) = i.
= u n subsets of sin n- I



e.g . what are the coefficients wi the expansion of (xty)
3
?

(xt y) txt g) (xty)
(xZt2xy t y2) Lxty)

( x3 t Ry t 2x
-

y t2xy
2
t XYZ t y

3 )
= (x' t 3Nyt 3xy

'
ty
')



e.g. what are the coefficients withe expansion of City)
"
?

(xty)4=?x4t?x3yt?x2y2t?xy3t?y4

wapwwtommhoo.TW#7foEqgy=aJhowmazo:B:S ? r
"

4µs from these (or z y's)
factors ?#
=/ cxtyxxtykxtykxtyj.CI)

- 6



BinomialTheorem

itn E IN , ( xtg)
"

= 7¥(:) xn-"yk

e.g . what are the coefficients in the expansion of (xty)
"
?

City)
'
= (9) x't (9) x'y t (9) x'yet (g)xy' t(4) y't
= I x" t 4×3y t 6×2y't 4xy3t I y

't



Prone Fn Zo ¥o(Yc) --I

① binomial theorem : I = ( Iti)
"
= ,¥o(4) In-kik =¥g

② combinatorial : consider# ofsubsets of an n-element set .

-# of o - element subsets = ( no)
- n l - u u = ( Y )

i : :: : :c.÷Y÷"
" Geier,zn=¥d:)
-

- we also knew that atofn elements has 2
"

subsets



Combinatorial proof techniques :

I. Double counting proof : show that two expressions
e
,
and ez are just different ways of counting the

same set S .

since 1st = e, and Is f- ez , e, -- ez .

2
. Bijective proof : prone the existence of a bijective
function f : A→B , which shows IAI = 1131 . If we
can count B ,

then we can also count A .



prove : (Y) = (⇒ when 0 Er < K

e.g . =L: ) -a:÷÷cfa÷x .

in r : a.ai⇒ it:-D
(algebraic proof)



prove : (Y) = (n ! r) when O E rL U

combinatorial :

- consider a set s up n elements , and the set R ,
wind

contains all subsets of s up r elements i

, IRI = (Y)
- the function f :R→ R

'

,
where f(a) =I , is a

bijection between the subsets of s up relements and the
subsets of s up n-r elements ; I R't = (I r)
- since f. R→ R

'
is a bijection , IRI = IR ' l ,

and ( Y ) = In- r)



pone ( ! ) = (II )t (
"

I ) for o e kn
- consider trying to form a team of k players from a rodeo of u

= (Yc )
- considertrying out for ateam M K spots against n- I other players

- either ① you
are selected

, along M K- l other players = (n,I,)
or@aIEnarearItaYgf.edu; k naans are chosen -- Ln: )
so c :) =L: HE

'

)



"

Pascal 's Triangle
"

identity



e.g. , given
A -_

ways
to select a dozen donuts from 5 varieties

B= all 16-bit sequences up exactly four l 's
,

show atoojeekoir from A →B
.

e.g. of
A : OOO OO OO O 0000

chocolate glazed strawberry plain cruller

e.g. of B
! 000 I 00 I 00 I 0 I 0000

n n r r

there is a bijection from A -713 ! so IAKIBI



e.

g. , given
A = ways

to select a dozen donuts from 5 varieties

④ all 16-bit sequences up exactly four l 's
,

OO OOOOO OOOO OO O O

l 2
03 4 56 7 8 9 10 " 12 1314 I516

--

need topick 4 bits to turn
"on
"

e.g. , {6 ,8 , 12 , 16}
→ O O O O O l O l 0001000 I

i.e.,there is a bijection from the setof n-int sequences
M m l is to the set of m-element subsets of an
n -element set.

If of n-bit sequences M m l 's = ( n)M



e.

g. , given
A = ways

to select a dozen donuts from 5 varieties
B = all 16Int sequences up exactly four l 's

,

# of n-bit sequences M
m l 's = (nm)

#tuff 'I7fnsd donuts = Cdt,
- t) --(d tf - t)
-

HI -- IBI = ( '

f) by ( Y ) --G
"

-r)



plur
)

←
←

can
-
- C:)

← r donuts from n types
Un tr- I , n - l)

= (
n tr-i )
n- I



e.

g. ,
how many different strings can we make from
permuting characters in "

BookKEEPER
" ?

- I 0 chars , drawn from : l B
,
20 's

,
2 K 's , 3 E 's ,

l P , lR

t t 9
" indistinguishable

" elements

- Injection to the# of ways we map char positions to Gg) .

( El }
,
I -2 , 3-3 , {I , E3 , { E , -7,91 , { 8-3 , { E3 )
'conf:it:sissies .



" permutations of indistinguishable objects
"

# of permutations of n elements , given k. indistinguishable elements
of type 1

,
ka indistinguishable elements of type 2 , . . .

,
and km

indistinguishable elements of type m , is :

( :
.
) . (

"

I
.

"

) . (n
- ki - -

-kn-y' ' i

km

in.I÷u: i
. . .
cm

/ / Con -kmrkmm :

n !
=
-

Ki !Ks ! - -
- km !



e.

g. ,
how many different strings can we make from
permuting characters in "

BOOKKEEPER
" ?

IO l

- = 15
,
1200

1 ! z ! 2 !3 ! ! ' !

e.g .
. you are guessing a video game

code that consists of

Z ups , 2 downs , 2 lefts ,
and 2 rights . How many

possible codes exist ?

(2 !)
4

= 4520



e.g. ,
how

many
socks must you pull out ofa

drawer

containing red , green ,
and the socks before you

find a matching pair ?



Pigeonhole principle
if there are n pigeons occupying m

holes
,
and n>m

,

then there must be at least one hole up two pigeons

Frag

HE HE HE



e.g. ,
how

many
socks must you pull out ofa

drawer

containing red , green ,
and the socks before you

find a matching pair ?

:



generalized pigeonhole principle :
for sets A ,

B
, if IAl> k . IBI , then every

function f : A →B maps at least
KH elements

of A to the same element of B .



e.g. , at least how many people
in Chicago have the same

# of hairs on their head ? ( ignoring bald people)

pop. of Chicago 2 2 .
5 million (say,> 2 million non

-bald)
max# of hairson a head = Zoo,ooo

let A be set of non-bald chicagoans
B be { h / o e h s zoo , ooo }

f : A→B , map a person to# of hairs on their
head

IA I > 10 . IBI - at least l l people !



A= all subsets of numbers

(Al= 290 > I . 238 x I 027

B = all possible sums

= { 0 . . .

max
-
sum 3
4

90 X LOW -

- O
. 9 X 1027

(Bl = 0.9 X I 027t l

lB l L lAl , so two subsets must
have the same sum .

but don't know which !

(nonconstructive proof ) .



(forIantfs.to
Lehman

, Leighton , Meyer
's " Mathematics forCs

"

)BooKEEPER
,
hairs on heads

,
and subset- sum examples !


