
Exercises from Section 6.1: (14), (32), (42), (46), (50), (58)

Exercises from Section 6.2: (6), (10), (26* — not graded, but attempt for a challenge!), (28)

6.1 The Basics of Counting 417

4. A particular brand of shirt comes in 12 colors, has a male
version and a female version, and comes in three sizes
for each sex. How many di!erent types of this shirt are
made?

5. Six di!erent airlines fly from New York to Denver and
seven fly from Denver to San Francisco. How many dif-
ferent pairs of airlines can you choose on which to book
a trip from New York to San Francisco via Denver, when
you pick an airline for the flight to Denver and an airline
for the continuation flight to San Francisco?

6. There are four major auto routes from Boston to Detroit
and six from Detroit to Los Angeles. How many major
auto routes are there from Boston to Los Angeles via
Detroit?

7. How many di!erent three-letter initials can people have?
8. How many di!erent three-letter initials with none of the

letters repeated can people have?
9. How many di!erent three-letter initials are there that be-

gin with an A?
10. How many bit strings are there of length eight?
11. How many bit strings of length ten both begin and end

with a 1?
12. How many bit strings are there of length six or less, not

counting the empty string?
13. How many bit strings with length not exceeding n, where

n is a positive integer, consist entirely of 1s, not counting
the empty string?

14. How many bit strings of length n, where n is a positive
integer, start and end with 1s?

15. How many strings are there of lowercase letters of length
four or less, not counting the empty string?

16. How many strings are there of four lowercase letters that
have the letter x in them?

17. How many strings of five ASCII characters contain the
character @ (“at” sign) at least once? [Note: There are
128 di!erent ASCII characters.]

18. How many 5-element DNA sequences
a) end with A?
b) start with T and end with G?
c) contain only A and T?
d) do not contain C?

19. How many 6-element RNA sequences
a) do not contain U?
b) end with GU?
c) start with C?
d) contain only A or U?

20. How many positive integers between 5 and 31
a) are divisible by 3? Which integers are these?
b) are divisible by 4? Which integers are these?
c) are divisible by 3 and by 4? Which integers are these?

21. How many positive integers between 50 and 100
a) are divisible by 7? Which integers are these?
b) are divisible by 11? Which integers are these?
c) are divisible by both 7 and 11? Which integers are

these?

22. How many positive integers less than 1000
a) are divisible by 7?
b) are divisible by 7 but not by 11?
c) are divisible by both 7 and 11?
d) are divisible by either 7 or 11?
e) are divisible by exactly one of 7 and 11?
f ) are divisible by neither 7 nor 11?
g) have distinct digits?
h) have distinct digits and are even?

23. How many positive integers between 100 and 999 inclu-
sive
a) are divisible by 7?
b) are odd?
c) have the same three decimal digits?
d) are not divisible by 4?
e) are divisible by 3 or 4?
f ) are not divisible by either 3 or 4?
g) are divisible by 3 but not by 4?
h) are divisible by 3 and 4?

24. How many positive integers between 1000 and 9999 in-
clusive
a) are divisible by 9?
b) are even?
c) have distinct digits?
d) are not divisible by 3?
e) are divisible by 5 or 7?
f ) are not divisible by either 5 or 7?
g) are divisible by 5 but not by 7?
h) are divisible by 5 and 7?

25. How many strings of three decimal digits
a) do not contain the same digit three times?
b) begin with an odd digit?
c) have exactly two digits that are 4s?

26. How many strings of four decimal digits
a) do not contain the same digit twice?
b) end with an even digit?
c) have exactly three digits that are 9s?

27. A committee is formed consisting of one representative
from each of the 50 states in the United States, where the
representative from a state is either the governor or one of
the two senators from that state. How many ways are there
to form this committee?

28. How many license plates can be made using either three
digits followed by three uppercase English letters or three
uppercase English letters followed by three digits?

29. How many license plates can be made using either two
uppercase English letters followed by four digits or two
digits followed by four uppercase English letters?

30. How many license plates can be made using either three
uppercase English letters followed by three digits or four
uppercase English letters followed by two digits?

31. How many license plates can be made using either two
or three uppercase English letters followed by either two
or three digits?
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32. How many strings of eight uppercase English letters are
there
a) if letters can be repeated?
b) if no letter can be repeated?
c) that start with X, if letters can be repeated?
d) that start with X, if no letter can be repeated?
e) that start and end with X, if letters can be repeated?
f ) that start with the letters BO (in that order), if letters

can be repeated?
g) that start and end with the letters BO (in that order),

if letters can be repeated?
h) that start or end with the letters BO (in that order), if

letters can be repeated?
33. How many strings of eight English letters are there

a) that contain no vowels, if letters can be repeated?
b) that contain no vowels, if letters cannot be repeated?
c) that start with a vowel, if letters can be repeated?
d) that start with a vowel, if letters cannot be repeated?
e) that contain at least one vowel, if letters can be re-

peated?
f ) that contain exactly one vowel, if letters can be re-

peated?
g) that start with X and contain at least one vowel, if let-

ters can be repeated?
h) that start and end with X and contain at least one

vowel, if letters can be repeated?
34. How many different functions are there from a set with 10

elements to sets with the following numbers of elements?
a) 2 b) 3 c) 4 d) 5

35. How many one-to-one functions are there from a set with
five elements to sets with the following number of ele-
ments?
a) 4 b) 5 c) 6 d) 7

36. How many functions are there from the set {1, 2,… , n},
where n is a positive integer, to the set {0, 1}?

37. How many functions are there from the set {1, 2, … , n},
where n is a positive integer, to the set {0, 1}
a) that are one-to-one?
b) that assign 0 to both 1 and n?
c) that assign 1 to exactly one of the positive integers

less than n?
38. How many partial functions (see Section 2.3) are there

from a set with five elements to sets with each of these
number of elements?
a) 1 b) 2 c) 5 d) 9

39. How many partial functions (see Definition 13 of Section
2.3) are there from a set with m elements to a set with n
elements, where m and n are positive integers?

40. How many subsets of a set with 100 elements have more
than one element?

41. A palindrome is a string whose reversal is identical to
the string. How many bit strings of length n are palin-
dromes?

42. How many 4-element DNA sequences
a) do not contain the base T?
b) contain the sequence ACG?

c) contain all four bases A, T, C, and G?
d) contain exactly three of the four bases A, T, C,

and G?
43. How many 4-element RNA sequences

a) contain the base U?
b) do not contain the sequence CUG?
c) do not contain all four bases A, U, C, and G?
d) contain exactly two of the four bases A, U, C, and G?

44. On each of the 22 work days in a particular month, every
employee of a start-up venture was sent a company com-
munication. If a total of 4642 total company communica-
tions were sent, how many employees does the company
have, assuming that no sta!ng changes were made that
month?

45. At a large university, 434 freshmen, 883 sophomores,
and 43 juniors are enrolled in an introductory algorithms
course. How many sections of this course need to be
scheduled to accommodate all these students if each sec-
tion contains 34 students?

46. How many ways are there to seat four of a group of ten
people around a circular table where two seatings are
considered the same when everyone has the same imme-
diate left and immediate right neighbor?

47. How many ways are there to seat six people around a cir-
cular table where two seatings are considered the same
when everyone has the same two neighbors without re-
gard to whether they are right or left neighbors?

48. In how many ways can a photographer at a wedding ar-
range 6 people in a row from a group of 10 people, where
the bride and the groom are among these 10 people, if
a) the bride must be in the picture?
b) both the bride and groom must be in the picture?
c) exactly one of the bride and the groom is in the pic-

ture?
49. In how many ways can a photographer at a wedding ar-

range six people in a row, including the bride and groom,
if
a) the bride must be next to the groom?
b) the bride is not next to the groom?
c) the bride is positioned somewhere to the left of the

groom?
50. How many bit strings of length seven either begin with

two 0s or end with three 1s?
51. How many bit strings of length 10 either begin with three

0s or end with two 0s?
!52. How many bit strings of length 10 contain either five con-

secutive 0s or five consecutive 1s?
!!53. How many bit strings of length eight contain either three

consecutive 0s or four consecutive 1s?
54. Every student in a discrete mathematics class is either

a computer science or a mathematics major or is a joint
major in these two subjects. How many students are in
the class if there are 38 computer science majors (includ-
ing joint majors), 23 mathematics majors (including joint
majors), and 7 joint majors?
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!52. How many bit strings of length 10 contain either five con-

secutive 0s or five consecutive 1s?
!!53. How many bit strings of length eight contain either three

consecutive 0s or four consecutive 1s?
54. Every student in a discrete mathematics class is either

a computer science or a mathematics major or is a joint
major in these two subjects. How many students are in
the class if there are 38 computer science majors (includ-
ing joint majors), 23 mathematics majors (including joint
majors), and 7 joint majors?
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55. How many positive integers not exceeding 100 are divis-
ible either by 4 or by 6?

56. How many di!erent initials can someone have if a person
has at least two, but no more than five, di!erent initials?
Assume that each initial is one of the 26 uppercase letters
of the English language.

57. Suppose that a password for a computer system must have
at least 8, but no more than 12, characters, where each
character in the password is a lowercase English letter,
an uppercase English letter, a digit, or one of the six spe-
cial characters !, >, <, !, +, and =.
a) How many di!erent passwords are available for this

computer system?
b) How many of these passwords contain at least one oc-

currence of at least one of the six special characters?
c) Using your answer to part (a), determine how long it

takes a hacker to try every possible password, assum-
ing that it takes one nanosecond for a hacker to check
each possible password.

58. The name of a variable in the C programming language is
a string that can contain uppercase letters, lowercase let-
ters, digits, or underscores. Further, the first character in
the string must be a letter, either uppercase or lowercase,
or an underscore. If the name of a variable is determined
by its first eight characters, how many di!erent variables
can be named in C? (Note that the name of a variable may
contain fewer than eight characters.)

59. The name of a variable in the JAVA programming lan-
guage is a string of between 1 and 65,535 characters, in-
clusive, where each character can be an uppercase or a
lowercase letter, a dollar sign, an underscore, or a digit,
except that the first character must not be a digit. Deter-
mine the number of di!erent variable names in JAVA.

60. The International Telecommunications Union (ITU)
specifies that a telephone number must consist of a coun-
try code with between 1 and 3 digits, except that the
code 0 is not available for use as a country code, followed
by a number with at most 15 digits. How many available
possible telephone numbers are there that satisfy these
restrictions?

61. Suppose that at some future time every telephone in the
world is assigned a number that contains a country code
1 to 3 digits long, that is, of the form X, XX, or XXX,
followed by a 10-digit telephone number of the form
NXX-NXX-XXXX (as described in Example 8). How
many di!erent telephone numbers would be available
worldwide under this numbering plan?

62. A key in the Vigenère cryptosystem is a string of English
letters, where the case of the letters does not matter. How
many di!erent keys for this cryptosystem are there with
three, four, five, or six letters?

63. A wired equivalent privacy (WEP) key for a wireless fi-
delity (WiFi) network is a string of either 10, 26, or 58
hexadecimal digits. How many di!erent WEP keys are
there?

64. Suppose that p and q are prime numbers and that n = pq.
Use the principle of inclusion–exclusion to find the num-
ber of positive integers not exceeding n that are relatively
prime to n.

65. Use the principle of inclusion–exclusion to find the num-
ber of positive integers less than 1,000,000 that are not
divisible by either 4 or by 6.

66. Use a tree diagram to find the number of bit strings of
length four with no three consecutive 0s.

67. How many ways are there to arrange the letters a, b, c,
and d such that a is not followed immediately by b?

68. Use a tree diagram to find the number of ways that the
World Series can occur, where the first team that wins
four games out of seven wins the series.

69. Use a tree diagram to determine the number of subsets
of {3, 7, 9, 11, 24} with the property that the sum of the
elements in the subset is less than 28.

70. a) Suppose that a store sells six varieties of soft drinks:
cola, ginger ale, orange, root beer, lemonade, and
cream soda. Use a tree diagram to determine the num-
ber of di!erent types of bottles the store must stock to
have all varieties available in all size bottles if all vari-
eties are available in 12-ounce bottles, all but lemon-
ade are available in 20-ounce bottles, only cola and
ginger ale are available in 32-ounce bottles, and all
but lemonade and cream soda are available in 64-
ounce bottles?

b) Answer the question in part (a) using counting rules.
71. a) Suppose that a popular style of running shoe is avail-

able for both men and women. The woman’s shoe
comes in sizes 6, 7, 8, and 9, and the man’s shoe
comes in sizes 8, 9, 10, 11, and 12. The man’s
shoe comes in white and black, while the woman’s
shoe comes in white, red, and black. Use a tree dia-
gram to determine the number of di!erent shoes that
a store has to stock to have at least one pair of this
type of running shoe for all available sizes and colors
for both men and women.

b) Answer the question in part (a) using counting rules.
72. Determine the number of matches played in a single-

elimination tournament with n players, where for each
game between two players the winner goes on, but the
loser is eliminated.

73. Determine the minimum and the maximum number of
matches that can be played in a double-elimination tour-
nament with n players, where after each game between
two players, the winner goes on and the loser goes on if
and only if this is not a second loss.

!74. Use the product rule to show that there are 22n di!erent
truth tables for propositions in n variables.

75. Use mathematical induction to prove the sum rule for m
tasks from the sum rule for two tasks.

76. Use mathematical induction to prove the product rule
for m tasks from the product rule for two tasks.
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the generalized pigeonhole principle, because when five objects are divided into two sets, one
of the sets has at least !5!2" = 3 elements. In the former case, suppose that B, C, and D are
friends of A. If any two of these three individuals are friends, then these two and A form a group
of three mutual friends. Otherwise, B, C, and D form a set of three mutual enemies. The proof
in the latter case, when there are three or more enemies of A, proceeds in a similar manner. !

The Ramsey number R(m, n), where m and n are positive integers greater than or equal to 2,
denotes the minimum number of people at a party such that there are either m mutual friends
or n mutual enemies, assuming that every pair of people at the party are friends or enemies.
Example 13 shows that R(3, 3) ! 6. We conclude that R(3, 3) = 6 because in a group of five
people where every two people are friends or enemies, there may not be three mutual friends or
three mutual enemies (see Exercise 28).

It is possible to prove some useful properties about Ramsey numbers, but for the most
part it is di!cult to find their exact values. Note that by symmetry it can be shown that
R(m, n) = R(n, m) (see Exercise 32). We also have R(2, n) = n for every positive integer n " 2
(see Exercise 31). The exact values of only nine Ramsey numbers R(m, n) with 3 ! m ! n are
known, including R(4, 4) = 18. Only bounds are known for many other Ramsey numbers, in-
cluding R(5, 5), which is known to satisfy 43 ! R(5, 5) ! 49. The reader interested in learning
more about Ramsey numbers should consult [MiRo91] or [GrRoSp90].

Exercises

1. Show that in any set of six classes, each meeting regu-
larly once a week on a particular day of the week, there
must be two that meet on the same day, assuming that no
classes are held on weekends.

2. Show that if there are 30 students in a class, then at least
two have last names that begin with the same letter.

3. A drawer contains a dozen brown socks and a dozen black
socks, all unmatched. A man takes socks out at random
in the dark.
a) How many socks must he take out to be sure that he

has at least two socks of the same color?
b) How many socks must he take out to be sure that he

has at least two black socks?
4. A bowl contains 10 red balls and 10 blue balls. A woman

selects balls at random without looking at them.
a) How many balls must she select to be sure of having

at least three balls of the same color?
b) How many balls must she select to be sure of having

at least three blue balls?
5. Undergraduate students at a college belong to one of four

groups depending on the year in which they are expected
to graduate. Each student must choose one of 21 di"er-
ent majors. How many students are needed to assure that
there are two students expected to graduate in the same
year who have the same major?

6. There are six professors teaching the introductory dis-
crete mathematics class at a university. The same final
exam is given by all six professors. If the lowest possi-
ble score on the final is 0 and the highest possible score
is 100, how many students must there be to guarantee

that there are two students with the same professor who
earned the same final examination score?

7. Show that among any group of five (not necessarily con-
secutive) integers, there are two with the same remainder
when divided by 4.

8. Let d be a positive integer. Show that among any group of
d + 1 (not necessarily consecutive) integers there are two
with exactly the same remainder when they are divided
by d.

9. Let n be a positive integer. Show that in any set of n con-
secutive integers there is exactly one divisible by n.

10. Show that if f is a function from S to T , where S and T
are finite sets with #S# > #T#, then there are elements s1and s2 in S such that f (s1) = f (s2), or in other words, f is
not one-to-one.

11. What is the minimum number of students, each of whom
comes from one of the 50 states, who must be enrolled in
a university to guarantee that there are at least 100 who
come from the same state?

!12. Let (xi, yi), i = 1, 2, 3, 4, 5, be a set of five distinct points
with integer coordinates in the xy plane. Show that the
midpoint of the line joining at least one pair of these
points has integer coordinates.

!13. Let (xi, yi, zi), i = 1, 2, 3, 4, 5, 6, 7, 8, 9, be a set of nine
distinct points with integer coordinates in xyz space.
Show that the midpoint of at least one pair of these points
has integer coordinates.

14. How many ordered pairs of integers (a, b) are
needed to guarantee that there are two ordered pairs
(a1, b1) and (a2, b2) such that a1 mod 5 = a2 mod 5
and b1 mod 5 = b2 mod 5?
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15. a) Show that if five integers are selected from the first
eight positive integers, there must be a pair of these
integers with a sum equal to 9.

b) Is the conclusion in part (a) true if four integers are
selected rather than five?

16. a) Show that if seven integers are selected from the first
10 positive integers, there must be at least two pairs
of these integers with the sum 11.

b) Is the conclusion in part (a) true if six integers are
selected rather than seven?

17. How many numbers must be selected from the set
{1, 2, 3, 4, 5, 6} to guarantee that at least one pair of these
numbers add up to 7?

18. How many numbers must be selected from the set
{1, 3, 5, 7, 9, 11, 13, 15} to guarantee that at least one pair
of these numbers add up to 16?

19. A company stores products in a warehouse. Storage bins
in this warehouse are specified by their aisle, location in
the aisle, and shelf. There are 50 aisles, 85 horizontal lo-
cations in each aisle, and 5 shelves throughout the ware-
house. What is the least number of products the company
can have so that at least two products must be stored in
the same bin?

20. Suppose that there are nine students in a discrete mathe-
matics class at a small college.
a) Show that the class must have at least five male stu-

dents or at least five female students.
b) Show that the class must have at least three male stu-

dents or at least seven female students.
21. Suppose that every student in a discrete mathematics

class of 25 students is a freshman, a sophomore, or a
junior.
a) Show that there are at least nine freshmen, at least

nine sophomores, or at least nine juniors in the class.
b) Show that there are either at least three freshmen, at

least 19 sophomores, or at least five juniors in the
class.

22. Find an increasing subsequence of maximal length and
a decreasing subsequence of maximal length in the se-
quence 22, 5, 7, 2, 23, 10, 15, 21, 3, 17.

23. Construct a sequence of 16 positive integers that has no
increasing or decreasing subsequence of five terms.

24. Show that if there are 101 people of di!erent heights
standing in a line, it is possible to find 11 people in the
order they are standing in the line with heights that are
either increasing or decreasing.

!25. Show that whenever 25 girls and 25 boys are seated
around a circular table there is always a person both of
whose neighbors are boys.

!!26. Suppose that 21 girls and 21 boys enter a mathemat-
ics competition. Furthermore, suppose that each entrant
solves at most six questions, and for every boy-girl pair,
there is at least one question that they both solved. Show
that there is a question that was solved by at least three
girls and at least three boys.

!27. Describe an algorithm in pseudocode for producing the
largest increasing or decreasing subsequence of a se-
quence of distinct integers.

28. Show that in a group of five people (where any two people
are either friends or enemies), there are not necessarily
three mutual friends or three mutual enemies.

29. Show that in a group of 10 people (where any two people
are either friends or enemies), there are either three mu-
tual friends or four mutual enemies, and there are either
three mutual enemies or four mutual friends.

30. Use Exercise 29 to show that among any group of 20 peo-
ple (where any two people are either friends or enemies),
there are either four mutual friends or four mutual ene-
mies.

31. Show that if n is an integer with n ! 2, then the Ramsey
number R(2, n) equals n. (Recall that Ramsey numbers
were discussed after Example 13 in Section 6.2.)

32. Show that if m and n are integers with m ! 2 and n ! 2,
then the Ramsey numbers R(m, n) and R(n, m) are equal.
(Recall that Ramsey numbers were discussed after Ex-
ample 13 in Section 6.2.)

33. Show that there are at least six people in California (pop-
ulation: 39 million) with the same three initials who were
born on the same day of the year (but not necessarily in
the same year). Assume that everyone has three initials.

34. Show that if there are 100,000,000 wage earners in the
United States who earn less than 1,000,000 dollars (but
at least a penny), then there are two who earned exactly
the same amount of money, to the penny, last year.

35. In the 17th century, there were more than 800,000 inhabi-
tants of Paris. At the time, it was believed that no one had
more than 200,000 hairs on their head. Assuming these
numbers are correct and that everyone has at least one
hair on their head (that is, no one is completely bald), use
the pigeonhole principle to show, as the French writer
Pierre Nicole did, that there had to be two Parisians with
the same number of hairs on their heads. Then use the
generalized pigeonhole principle to show that there had
to be at least five Parisians at that time with the same
number of hairs on their heads.

36. Assuming that no one has more than 1,000,000 hairs on
their head and that the population of New York City was
8,537,673 in 2016, show there had to be at least nine peo-
ple in New York City in 2016 with the same number of
hairs on their heads.

37. There are 38 di!erent time periods during which classes
at a university can be scheduled. If there are 677 di!erent
classes, how many di!erent rooms will be needed?

38. A computer network consists of six computers. Each
computer is directly connected to at least one of the other
computers. Show that there are at least two computers in
the network that are directly connected to the same num-
ber of other computers.
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Exercises from Section 6.3: (12), (18), (40), (44), (46)

Exercises from Section 6.4: (16), (32)

Exercises from Section 6.5: (10), (32), (34), (54)
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Exercises

1. List all the permutations of {a, b, c}.
2. How many di!erent permutations are there of the set

{a, b, c, d, e, f, g}?
3. How many permutations of {a, b, c, d, e, f, g} end with a?
4. Let S = {1, 2, 3, 4, 5}.

a) List all the 3-permutations of S.
b) List all the 3-combinations of S.

5. Find the value of each of these quantities.
a) P(6, 3) b) P(6, 5)
c) P(8, 1) d) P(8, 5)
e) P(8, 8) f ) P(10, 9)

6. Find the value of each of these quantities.
a) C(5, 1) b) C(5, 3)
c) C(8, 4) d) C(8, 8)
e) C(8, 0) f ) C(12, 6)

7. Find the number of 5-permutations of a set with nine el-
ements.

8. In how many di!erent orders can five runners finish a
race if no ties are allowed?

9. How many possibilities are there for the win, place, and
show (first, second, and third) positions in a horse race
with 12 horses if all orders of finish are possible?

10. There are six di!erent candidates for governor of a state.
In how many di!erent orders can the names of the can-
didates be printed on a ballot?

11. How many bit strings of length 10 contain
a) exactly four 1s?
b) at most four 1s?
c) at least four 1s?
d) an equal number of 0s and 1s?

12. How many bit strings of length 12 contain
a) exactly three 1s?
b) at most three 1s?
c) at least three 1s?
d) an equal number of 0s and 1s?

13. A group contains n men and n women. How many ways
are there to arrange these people in a row if the men and
women alternate?

14. In how many ways can a set of two positive integers less
than 100 be chosen?

15. In how many ways can a set of five letters be selected
from the English alphabet?

16. How many subsets with an odd number of elements does
a set with 10 elements have?

17. How many subsets with more than two elements does a
set with 100 elements have?

18. A coin is flipped eight times where each flip comes up
either heads or tails. How many possible outcomes
a) are there in total?
b) contain exactly three heads?
c) contain at least three heads?
d) contain the same number of heads and tails?

19. A coin is flipped 10 times where each flip comes up either
heads or tails. How many possible outcomes
a) are there in total?
b) contain exactly two heads?
c) contain at most three tails?
d) contain the same number of heads and tails?

20. How many bit strings of length 10 have
a) exactly three 0s?
b) more 0s than 1s?
c) at least seven 1s?
d) at least three 1s?

21. How many permutations of the letters ABCDEFG contain
a) the string BCD?
b) the string CFGA?
c) the strings BA and GF?
d) the strings ABC and DE?
e) the strings ABC and CDE?
f ) the strings CBA and BED?

22. How many permutations of the letters ABCDEFGH con-
tain
a) the string ED?
b) the string CDE?
c) the strings BA and FGH?
d) the strings AB, DE, and GH?
e) the strings CAB and BED?
f ) the strings BCA and ABF?

23. How many ways are there for eight men and five women
to stand in a line so that no two women stand next to each
other? [Hint: First position the men and then consider
possible positions for the women.]

24. How many ways are there for 10 women and six men to
stand in a line so that no two men stand next to each other?
[Hint: First position the women and then consider possi-
ble positions for the men.]

25. How many ways are there for four men and five women
to stand in a line so that
a) all men stand together?
b) all women stand together?

26. How many ways are there for three penguins and six
pu"ns to stand in a line so that
a) all pu"ns stand together?
b) all penguins stand together?

27. One hundred tickets, numbered 1, 2, 3,… , 100, are sold
to 100 di!erent people for a drawing. Four di!erent
prizes are awarded, including a grand prize (a trip to
Tahiti). How many ways are there to award the prizes if
a) there are no restrictions?
b) the person holding ticket 47 wins the grand prize?
c) the person holding ticket 47 wins one of the prizes?
d) the person holding ticket 47 does not win a prize?
e) the people holding tickets 19 and 47 both win prizes?
f ) the people holding tickets 19, 47, and 73 all win

prizes?
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g) the people holding tickets 19, 47, 73, and 97 all win
prizes?

h) none of the people holding tickets 19, 47, 73, and 97
wins a prize?

i) the grand prize winner is a person holding ticket 19,
47, 73, or 97?

j) the people holding tickets 19 and 47 win prizes, but
the people holding tickets 73 and 97 do not win
prizes?

28. Thirteen people on a softball team show up for a game.
a) How many ways are there to choose 10 players to take

the field?
b) How many ways are there to assign the 10 positions

by selecting players from the 13 people who show up?
c) Of the 13 people who show up, three are women. How

many ways are there to choose 10 players to take the
field if at least one of these players must be a woman?

29. A club has 25 members.
a) How many ways are there to choose four members of

the club to serve on an executive committee?
b) How many ways are there to choose a president, vice

president, secretary, and treasurer of the club, where
no person can hold more than one o!ce?

30. A professor writes 40 discrete mathematics true/false
questions. Of the statements in these questions, 17 are
true. If the questions can be positioned in any order, how
many di"erent answer keys are possible?

!31. How many 4-permutations of the positive integers not ex-
ceeding 100 contain three consecutive integers k, k + 1,
k + 2, in the correct order
a) where these consecutive integers can perhaps be sep-

arated by other integers in the permutation?
b) where they are in consecutive positions in the permu-

tation?
32. Seven women and nine men are on the faculty in the

mathematics department at a school.
a) How many ways are there to select a committee of

five members of the department if at least one woman
must be on the committee?

b) How many ways are there to select a committee of five
members of the department if at least one woman and
at least one man must be on the committee?

33. The English alphabet contains 21 consonants and five
vowels. How many strings of six lowercase letters of the
English alphabet contain
a) exactly one vowel?
b) exactly two vowels?
c) at least one vowel?
d) at least two vowels?

34. How many strings of six lowercase letters from the En-
glish alphabet contain
a) the letter a?
b) the letters a and b?
c) the letters a and b in consecutive positions with a pre-

ceding b, with all the letters distinct?
d) the letters a and b, where a is somewhere to the left

of b in the string, with all the letters distinct?

35. Suppose that a department contains 10 men and 15
women. How many ways are there to form a committee
with six members if it must have the same number of men
and women?

36. Suppose that a department contains 10 men and 15
women. How many ways are there to form a committee
with six members if it must have more women than men?

37. How many bit strings contain exactly eight 0s and 10 1s
if every 0 must be immediately followed by a 1?

38. How many bit strings contain exactly five 0s and 14 1s if
every 0 must be immediately followed by two 1s?

39. How many bit strings of length 10 contain at least three
1s and at least three 0s?

40. How many ways are there to select 12 countries in the
United Nations to serve on a council if 3 are selected from
a block of 45, 4 are selected from a block of 57, and the
others are selected from the remaining 69 countries?

41. How many license plates consisting of three letters fol-
lowed by three digits contain no letter or digit twice?

A circular r-permutation of n people is a seating of r of
these n people around a circular table, where seatings are con-
sidered to be the same if they can be obtained from each other
by rotating the table.
42. Find the number of circular 3-permutations of 5 people.
43. Find a formula for the number of circular r-permutations

of n people.
44. Find a formula for the number of ways to seat r of n peo-

ple around a circular table, where seatings are consid-
ered the same if every person has the same two neighbors
without regard to which side these neighbors are sitting
on.

45. How many ways are there for a horse race with three
horses to finish if ties are possible? [Note: Two or three
horses may tie.]

!46. How many ways are there for a horse race with four
horses to finish if ties are possible? [Note: Any number
of the four horses may tie.]

!47. There are six runners in the 100-yard dash. How many
ways are there for three medals to be awarded if ties
are possible? (The runner or runners who finish with the
fastest time receive gold medals, the runner or runners
who finish with exactly one runner ahead receive silver
medals, and the runner or runners who finish with exactly
two runners ahead receive bronze medals.)

!48. This procedure is used to break ties in games in the cham-
pionship round of the World Cup soccer tournament.
Each team selects five players in a prescribed order. Each
of these players takes a penalty kick, with a player from
the first team followed by a player from the second team
and so on, following the order of players specified. If the
score is still tied at the end of the 10 penalty kicks, this
procedure is repeated. If the score is still tied after 20
penalty kicks, a sudden-death shootout occurs, with the
first team scoring an unanswered goal victorious.
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10. Use the binomial theorem to expand (3x ! y2)4 into a sum
of terms of the form cxayb, where c is a real number and
a and b are nonnegative integers.

11. Use the binomial theorem to expand (3x4 ! 2y3)5 into a
sum of terms of the form cxayb, where c is a real number
and a and b are nonnegative integers.

12. Use the binomial theorem to find the coe!cient of xayb

in the expansion of (5x2 + 2y3)6, where
a) a = 6, b = 9.
b) a = 2, b = 15.
c) a = 3, b = 12.
d) a = 12, b = 0.
e) a = 8, b = 9.

13. Use the binomial theorem to find the coe!cient of xayb

in the expansion of (2x3 ! 4y2)7, where
a) a = 9, b = 8.
b) a = 8, b = 9.
c) a = 0, b = 14.
d) a = 12, b = 6.
e) a = 18, b = 2.

!14. Give a formula for the coe!cient of xk in the expansion
of (x + 1"x)100, where k is an integer.

!15. Give a formula for the coe!cient of xk in the expansion
of (x2 ! 1"x)100, where k is an integer.

16. The row of Pascal’s triangle containing the binomial co-
e!cients !10

k

", 0 ! k ! 10, is:
1 10 45 120 210 252 210 120 45 10 1

Use Pascal’s identity to produce the row immediately
following this row in Pascal’s triangle.

17. What is the row of Pascal’s triangle containing the bino-
mial coe!cients !9

k

", 0 ! k ! 9?
18. Show that if n is a positive integer, then 1 =

!n
0
"
<
!n

1
"
<

! <
! n
#n"2$

"
=
! n
%n"2&

"
> ! >

! n
n!1

"
>
!n

n

"
= 1.

19. Show that !n
k

" ! 2n for all positive integers n and all
integers k with 0 ! k ! n.

20. a) Use Exercise 18 and Corollary 1 to show that if n is
an integer greater than 1, then ! n

#n"2$
" " 2n"n.

b) Conclude from part (a) that if n is a positive integer,
then !2n

n

" " 4n"2n.
21. Show that if n and k are integers with 1 ! k ! n, then!n

k

" ! nk"2k!1.
22. Suppose that b is an integer with b " 7. Use the bino-

mial theorem and the appropriate row of Pascal’s triangle
to find the base-b expansion of (11)4

b [that is, the fourth
power of the number (11)b in base-b notation].

23. Prove Pascal’s identity, using the formula for !n
r

".
24. Suppose that k and n are integers with 1 ! k < n. Prove

the hexagon identity
'

n ! 1
k ! 1

('
n

k + 1
('

n + 1
k

(
=
'

n ! 1
k

('
n

k ! 1
('

n + 1
k + 1

(
,

which relates terms in Pascal’s triangle that form a
hexagon.

25. Prove that if n and k are integers with 1 ! k ! n, then
k
!n

k

"
= n

!n!1
k!1

",
a) using a combinatorial proof. [Hint: Show that the two

sides of the identity count the number of ways to se-
lect a subset with k elements from a set with n ele-
ments and then an element of this subset.]

b) using an algebraic proof based on the formula for !n
r

"
given in Theorem 2 in Section 6.3.

26. Prove the identity !n
r

"!r
k

"
=
!n

k

"!n!k
r!k

", whenever n, r, and
k are nonnegative integers with r ! n and k ! r,
a) using a combinatorial argument.
b) using an argument based on the formula for the num-

ber of r-combinations of a set with n elements.
27. Show that if n and k are positive integers, then

'
n + 1

k

(
= (n + 1)

'
n

k ! 1
( )

k.

Use this identity to construct an inductive definition of
the binomial coe!cients.

28. Show that if p is a prime and k is an integer such that
1 ! k ! p ! 1, then p divides !p

k

".
29. Let n be a positive integer. Show that

' 2n
n + 1

(
+
'2n

n

(
=
'2n + 2

n + 1
(
"2.

!30. Let n and k be integers with 1 ! k ! n. Show that
n*

k= 1

'
n
k

('
n

k ! 1
(

=
'2n + 2

n + 1
(
"2 !

'2n
n

(
.

!31. Prove the hockeystick identity
r*

k= 0

'
n + k

k

(
=
'

n + r + 1
r

(

whenever n and r are positive integers,
a) using a combinatorial argument.
b) using Pascal’s identity.

32. Show that if n is a positive integer, then !2n
2
"
= 2!n

2
"
+ n2

a) using a combinatorial argument.
b) by algebraic manipulation.

!33. Give a combinatorial proof that +n
k= 1 k

!n
k

"
= n2n!1.

[Hint: Count in two ways the number of ways to select
a committee and to then select a leader of the commit-
tee.]

!34. Give a combinatorial proof that +n
k= 1 k

!n
k

"2 = n
!2n!1

n!1
".

[Hint: Count in two ways the number of ways to select a
committee, with n members from a group of n mathemat-
ics professors and n computer science professors, such
that the chairperson of the committee is a mathematics
professor.]

35. Show that a nonempty set has the same number of sub-
sets with an odd number of elements as it does subsets
with an even number of elements.

!36. Prove the binomial theorem using mathematical induc-
tion.
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.
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[Hint: Count in two ways the number of ways to select a
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454 6 / Counting

and the relationship between Stirling numbers of the first and second kind, see combinatorics
textbooks such as [Bó07], [Br99], and [RoTe05], and Chapter 6 in [MiRo91].
INDISTINGUISHABLE OBJECTS AND INDISTINGUISHABLE BOXES Some counting
problems can be solved by determining the number of ways to distribute indistinguishable ob-
jects into indistinguishable boxes. We illustrate this principle with an example.

EXAMPLE !! How many ways are there to pack six copies of the same book into four identical boxes, where
a box can contain as many as six books?
Solution: We will enumerate all ways to pack the books. For each way to pack the books, we will
list the number of books in the box with the largest number of books, followed by the numbers
of books in each box containing at least one book, in order of decreasing number of books in a
box. The ways we can pack the books are

6
5, 1
4, 2
4, 1, 1
3, 3

3, 2, 1
3, 1, 1, 1
2, 2, 2
2, 2, 1, 1.

For example, 4, 1, 1 indicates that one box contains four books, a second box contains a single
book, and a third box contains a single book (and the fourth box is empty). We conclude that
there are nine allowable ways to pack the books, because we have listed them all. !

Observe that distributing n indistinguishable objects into k indistinguishable boxes is the
same as writing n as the sum of at most k positive integers in nonincreasing order. If a1 +
a2 +" + aj = n, where a1, a2,… , aj are positive integers with a1 ! a2 ! " ! aj, we say that
a1, a2,… , aj is a partition of the positive integer n into j positive integers. We see that if pk(n)
is the number of partitions of n into at most k positive integers, then there are pk(n) ways to
distribute n indistinguishable objects into k indistinguishable boxes. No simple closed formula
exists for this number. For more information about partitions of positive integers, see [Ro11].

Exercises

1. In how many di!erent ways can five elements be selected
in order from a set with three elements when repetition is
allowed?

2. In how many di!erent ways can five elements be selected
in order from a set with five elements when repetition is
allowed?

3. How many strings of six letters are there?
4. Every day a student randomly chooses a sandwich for

lunch from a pile of wrapped sandwiches. If there are six
kinds of sandwiches, how many di!erent ways are there
for the student to choose sandwiches for the seven days
of a week if the order in which the sandwiches are chosen
matters?

5. How many ways are there to assign three jobs to five em-
ployees if each employee can be given more than one job?

6. How many ways are there to select five unordered ele-
ments from a set with three elements when repetition is
allowed?

7. How many ways are there to select three unordered el-
ements from a set with five elements when repetition is
allowed?

8. How many di!erent ways are there to choose a dozen
donuts from the 21 varieties at a donut shop?

9. A bagel shop has onion bagels, poppy seed bagels, egg
bagels, salty bagels, pumpernickel bagels, sesame seed
bagels, raisin bagels, and plain bagels. How many ways
are there to choose
a) six bagels?
b) a dozen bagels?
c) two dozen bagels?
d) a dozen bagels with at least one of each kind?
e) a dozen bagels with at least three egg bagels and no

more than two salty bagels?
10. A croissant shop has plain croissants, cherry croissants,

chocolate croissants, almond croissants, apple croissants,
and broccoli croissants. How many ways are there to
choose
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a) a dozen croissants?
b) three dozen croissants?
c) two dozen croissants with at least two of each kind?
d) two dozen croissants with no more than two broccoli

croissants?
e) two dozen croissants with at least five chocolate crois-

sants and at least three almond croissants?
f ) two dozen croissants with at least one plain croissant,

at least two cherry croissants, at least three choco-
late croissants, at least one almond croissant, at least
two apple croissants, and no more than three broccoli
croissants?

11. How many ways are there to choose eight coins from a
piggy bank containing 100 identical pennies and 80 iden-
tical nickels?

12. How many di!erent combinations of pennies, nickels,
dimes, quarters, and half dollars can a piggy bank con-
tain if it has 20 coins in it?

13. A book publisher has 3000 copies of a discrete mathemat-
ics book. How many ways are there to store these books
in their three warehouses if the copies of the book are
indistinguishable?

14. How many solutions are there to the equation
x1 + x2 + x3 + x4 = 17,

where x1, x2, x3, and x4 are nonnegative integers?
15. How many solutions are there to the equation

x1 + x2 + x3 + x4 + x5 = 21,

where xi, i = 1, 2, 3, 4, 5, is a nonnegative integer such
that
a) x1 ! 1?
b) xi ! 2 for i = 1, 2, 3, 4, 5?
c) 0 " x1 " 10?
d) 0 " x1 " 3, 1 " x2 < 4, and x3 ! 15?

16. How many solutions are there to the equation
x1 + x2 + x3 + x4 + x5 + x6 = 29,

where xi, i = 1, 2, 3, 4, 5, 6, is a nonnegative integer such
that
a) xi > 1 for i = 1, 2, 3, 4, 5, 6?
b) x1 ! 1, x2 ! 2, x3 ! 3, x4 ! 4, x5 > 5, and x6 ! 6?
c) x1 " 5?
d) x1 < 8 and x2 > 8?

17. How many strings of 10 ternary digits (0, 1, or 2) are there
that contain exactly two 0s, three 1s, and five 2s?

18. How many strings of 20-decimal digits are there that con-
tain two 0s, four 1s, three 2s, one 3, two 4s, three 5s, two
7s, and three 9s?

19. Suppose that a large family has 14 children, including two
sets of identical triplets, three sets of identical twins, and
two individual children. How many ways are there to seat
these children in a row of chairs if the identical triplets or
twins cannot be distinguished from one another?

20. How many solutions are there to the inequality
x1 + x2 + x3 " 11,

where x1, x2, and x3 are nonnegative integers? [Hint: In-
troduce an auxiliary variable x4 such that x1 + x2 + x3 +
x4 = 11.]

21. A Swedish tour guide has devised a clever way for his
clients to recognize him. He owns 13 pairs of shoes of
the same style, customized so that each pair has a unique
color. How many ways are there for him to choose a left
shoe and a right shoe from these 13 pairs
a) without restrictions and which color is on which foot

matters?
b) so that the colors of the left and right shoe are di!er-

ent and which color is on which foot matters?
c) so that the colors of the left and right shoe are di!er-

ent but which color is on which foot does not matter?
d) without restrictions, but which color is on which foot

does not matter?
!22. In how many ways can an airplane pilot be scheduled for

five days of flying in October if he cannot work on con-
secutive days?

23. How many ways are there to distribute six indistinguish-
able balls into nine distinguishable bins?

24. How many ways are there to distribute 12 indistinguish-
able balls into six distinguishable bins?

25. How many ways are there to distribute 12 distinguishable
objects into six distinguishable boxes so that two objects
are placed in each box?

26. How many ways are there to distribute 15 distinguishable
objects into five distinguishable boxes so that the boxes
have one, two, three, four, and five objects in them, re-
spectively.

27. How many positive integers less than 1,000,000 have the
sum of their digits equal to 19?

28. How many positive integers less than 1,000,000 have ex-
actly one digit equal to 9 and have a sum of digits equal
to 13?

29. There are 10 questions on a discrete mathematics final
exam. How many ways are there to assign scores to the
problems if the sum of the scores is 100 and each question
is worth at least 5 points?

30. Show that there are C(n + r ! q1 ! q2 !! ! qr !1, n !
q1 ! q2 !! ! qr) di!erent unordered selections of n ob-
jects of r di!erent types that include at least q1 objects of
type one, q2 objects of type two,… , and qr objects of
type r.

31. How many di!erent bit strings can be transmitted if the
string must begin with a 1 bit, must include three ad-
ditional 1 bits (so that a total of four 1 bits is sent),
must include a total of 12 0 bits, and must have at least
two 0 bits following each 1 bit?

32. How many di!erent strings can be made from the letters
in MISSISSIPPI, using all the letters?

33. How many di!erent strings can be made from the letters
in ABRACADABRA, using all the letters?

34. How many di!erent strings can be made from the letters
in AARDVARK, using all the letters, if all three As must
be consecutive?
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croissants?
e) two dozen croissants with at least five chocolate crois-

sants and at least three almond croissants?
f ) two dozen croissants with at least one plain croissant,

at least two cherry croissants, at least three choco-
late croissants, at least one almond croissant, at least
two apple croissants, and no more than three broccoli
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11. How many ways are there to choose eight coins from a
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12. How many di!erent combinations of pennies, nickels,
dimes, quarters, and half dollars can a piggy bank con-
tain if it has 20 coins in it?

13. A book publisher has 3000 copies of a discrete mathemat-
ics book. How many ways are there to store these books
in their three warehouses if the copies of the book are
indistinguishable?

14. How many solutions are there to the equation
x1 + x2 + x3 + x4 = 17,

where x1, x2, x3, and x4 are nonnegative integers?
15. How many solutions are there to the equation
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that
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x1 + x2 + x3 + x4 + x5 + x6 = 29,

where xi, i = 1, 2, 3, 4, 5, 6, is a nonnegative integer such
that
a) xi > 1 for i = 1, 2, 3, 4, 5, 6?
b) x1 ! 1, x2 ! 2, x3 ! 3, x4 ! 4, x5 > 5, and x6 ! 6?
c) x1 " 5?
d) x1 < 8 and x2 > 8?

17. How many strings of 10 ternary digits (0, 1, or 2) are there
that contain exactly two 0s, three 1s, and five 2s?

18. How many strings of 20-decimal digits are there that con-
tain two 0s, four 1s, three 2s, one 3, two 4s, three 5s, two
7s, and three 9s?

19. Suppose that a large family has 14 children, including two
sets of identical triplets, three sets of identical twins, and
two individual children. How many ways are there to seat
these children in a row of chairs if the identical triplets or
twins cannot be distinguished from one another?

20. How many solutions are there to the inequality
x1 + x2 + x3 " 11,

where x1, x2, and x3 are nonnegative integers? [Hint: In-
troduce an auxiliary variable x4 such that x1 + x2 + x3 +
x4 = 11.]

21. A Swedish tour guide has devised a clever way for his
clients to recognize him. He owns 13 pairs of shoes of
the same style, customized so that each pair has a unique
color. How many ways are there for him to choose a left
shoe and a right shoe from these 13 pairs
a) without restrictions and which color is on which foot

matters?
b) so that the colors of the left and right shoe are di!er-

ent and which color is on which foot matters?
c) so that the colors of the left and right shoe are di!er-

ent but which color is on which foot does not matter?
d) without restrictions, but which color is on which foot

does not matter?
!22. In how many ways can an airplane pilot be scheduled for

five days of flying in October if he cannot work on con-
secutive days?

23. How many ways are there to distribute six indistinguish-
able balls into nine distinguishable bins?

24. How many ways are there to distribute 12 indistinguish-
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25. How many ways are there to distribute 12 distinguishable
objects into six distinguishable boxes so that two objects
are placed in each box?

26. How many ways are there to distribute 15 distinguishable
objects into five distinguishable boxes so that the boxes
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27. How many positive integers less than 1,000,000 have the
sum of their digits equal to 19?
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actly one digit equal to 9 and have a sum of digits equal
to 13?

29. There are 10 questions on a discrete mathematics final
exam. How many ways are there to assign scores to the
problems if the sum of the scores is 100 and each question
is worth at least 5 points?

30. Show that there are C(n + r ! q1 ! q2 !! ! qr !1, n !
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jects of r di!erent types that include at least q1 objects of
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31. How many di!erent bit strings can be transmitted if the
string must begin with a 1 bit, must include three ad-
ditional 1 bits (so that a total of four 1 bits is sent),
must include a total of 12 0 bits, and must have at least
two 0 bits following each 1 bit?

32. How many di!erent strings can be made from the letters
in MISSISSIPPI, using all the letters?

33. How many di!erent strings can be made from the letters
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color. How many ways are there for him to choose a left
shoe and a right shoe from these 13 pairs
a) without restrictions and which color is on which foot

matters?
b) so that the colors of the left and right shoe are di!er-

ent and which color is on which foot matters?
c) so that the colors of the left and right shoe are di!er-

ent but which color is on which foot does not matter?
d) without restrictions, but which color is on which foot

does not matter?
!22. In how many ways can an airplane pilot be scheduled for
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in AARDVARK, using all the letters, if all three As must
be consecutive?

456 6 / Counting

35. How many di!erent strings can be made from the letters
in ORONO, using some or all of the letters?

36. How many strings with five or more characters can be
formed from the letters in SEERESS?

37. How many strings with seven or more characters can be
formed from the letters in EVERGREEN?

38. How many di!erent bit strings can be formed using
six 1s and eight 0s?

39. A student has three mangos, two papayas, and two kiwi
fruits. If the student eats one piece of fruit each day, and
only the type of fruit matters, in how many di!erent ways
can these fruits be consumed?

40. A professor packs her collection of 40 issues of a mathe-
matics journal in four boxes with 10 issues per box. How
many ways can she distribute the journals if
a) each box is numbered, so that they are distinguish-

able?
b) the boxes are identical, so that they cannot be distin-

guished?
41. How many ways are there to travel in xyz space from the

origin (0, 0, 0) to the point (4, 3, 5) by taking steps one
unit in the positive x direction, one unit in the positive y
direction, or one unit in the positive z direction? (Moving
in the negative x, y, or z direction is prohibited, so that no
backtracking is allowed.)

42. How many ways are there to travel in xyzw space from the
origin (0, 0, 0, 0) to the point (4, 3, 5, 4) by taking steps
one unit in the positive x, positive y, positive z, or posi-
tive w direction?

43. How many ways are there to deal hands of seven cards to
each of five players from a standard deck of 52 cards?

44. In bridge, the 52 cards of a standard deck are dealt to four
players. How many di!erent ways are there to deal bridge
hands to four players?

45. How many ways are there to deal hands of five cards to
each of six players from a deck containing 48 di!erent
cards?

46. In how many ways can a dozen books be placed on four
distinguishable shelves
a) if the books are indistinguishable copies of the same

title?
b) if no two books are the same, and the positions of the

books on the shelves matter? [Hint: Break this into
12 tasks, placing each book separately. Start with the
sequence 1, 2, 3, 4 to represent the shelves. Represent
the books by bi, i = 1, 2,… , 12. Place b1 to the right
of one of the terms in 1, 2, 3, 4. Then successively
place b2, b3,… , and b12.]

47. How many ways can n books be placed on k distinguish-
able shelves
a) if the books are indistinguishable copies of the same

title?
b) if no two books are the same, and the positions of the

books on the shelves matter?

48. A shelf holds 12 books in a row. How many ways are
there to choose five books so that no two adjacent books
are chosen? [Hint: Represent the books that are chosen by
bars and the books not chosen by stars. Count the number
of sequences of five bars and seven stars so that no two
bars are adjacent.]

!49. Use the product rule to prove Theorem 4, by first placing
objects in the first box, then placing objects in the second
box, and so on.

!50. Prove Theorem 4 by first setting up a one-to-one corre-
spondence between permutations of n objects with ni in-
distinguishable objects of type i, i = 1, 2, 3,… , k, and the
distributions of n objects in k boxes such that ni objects
are placed in box i, i = 1, 2, 3,… , k and then applying
Theorem 3.

!51. In this exercise we will prove Theorem 2 by set-
ting up a one-to-one correspondence between the
set of r-combinations with repetition allowed of S =
{1, 2, 3,… , n} and the set of r-combinations of the set
T = {1, 2, 3,… , n + r ! 1}.
a) Arrange the elements in an r-combination, with rep-

etition allowed, of S into an increasing sequence
x1 ! x2 ! ! ! xr. Show that the sequence formed by
adding k ! 1 to the kth term is strictly increasing.
Conclude that this sequence is made up of r distinct
elements from T .

b) Show that the procedure described in (a) defines
a one-to-one correspondence between the set of r-
combinations, with repetition allowed, of S and the r-
combinations of T. [Hint: Show the correspondence
can be reversed by associating to the r-combination
{x1, x2,… , xr} of T , with 1 ! x1 < x2 < ! < xr !
n + r ! 1, the r-combination with repetition allowed
from S, formed by subtracting k ! 1 from the kth ele-
ment.]

c) Conclude that the number of r-combinations with
repetition allowed from a set with n elements is C(n +
r ! 1, r).

52. How many ways are there to distribute five distinguish-
able objects into three indistinguishable boxes?

53. How many ways are there to distribute six distinguishable
objects into four indistinguishable boxes so that each of
the boxes contains at least one object?

54. How many ways are there to put five temporary employ-
ees into four identical o"ces?

55. How many ways are there to put six temporary employ-
ees into four identical o"ces so that there is at least one
temporary employee in each of these four o"ces?

56. How many ways are there to distribute five indistinguish-
able objects into three indistinguishable boxes?

57. How many ways are there to distribute six indistinguish-
able objects into four indistinguishable boxes so that each
of the boxes contains at least one object?

58. How many ways are there to pack eight identical DVDs
into five indistinguishable boxes so that each box con-
tains at least one DVD?


