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a) Quixote Media had the largest annual revenue.
b) Nadir Software had the lowest net profit and Acme

Computer had the largest annual revenue.
c) Acme Computer had the largest net profit or Quixote

Media had the largest net profit.
d) If Quixote Media had the smallest net profit, then

Acme Computer had the largest annual revenue.
e) Nadir Software had the smallest net profit if and only

if Acme Computer had the largest annual revenue.
10. Let p and q be the propositions

p: I bought a lottery ticket this week.
q: I won the million dollar jackpot.

Express each of these propositions as an English sen-
tence.
a) ¬p b) p ∨ q c) p → q
d) p ∧ q e) p ↔ q f ) ¬p → ¬q
g) ¬p ∧ ¬q h) ¬p ∨ (p ∧ q)

11. Let p and q be the propositions “Swimming at the New
Jersey shore is allowed” and “Sharks have been spotted
near the shore,” respectively. Express each of these com-
pound propositions as an English sentence.
a) ¬q b) p ∧ q c) ¬p ∨ q
d) p → ¬q e) ¬q → p f ) ¬p → ¬q
g) p ↔ ¬q h) ¬p ∧ (p ∨ ¬q)

12. Let p and q be the propositions “The election is decided”
and “The votes have been counted,” respectively. Express
each of these compound propositions as an English sen-
tence.
a) ¬p b) p ∨ q
c) ¬p ∧ q d) q → p
e) ¬q → ¬p f ) ¬p → ¬q
g) p ↔ q h) ¬q ∨ (¬p ∧ q)

13. Let p and q be the propositions
p: It is below freezing.
q: It is snowing.

Write these propositions using p and q and logical con-
nectives (including negations).
a) It is below freezing and snowing.
b) It is below freezing but not snowing.
c) It is not below freezing and it is not snowing.
d) It is either snowing or below freezing (or both).
e) If it is below freezing, it is also snowing.
f ) Either it is below freezing or it is snowing, but it is

not snowing if it is below freezing.
g) That it is below freezing is necessary and sufficient

for it to be snowing.
14. Let p, q, and r be the propositions

p: You have the flu.
q: You miss the final examination.
r: You pass the course.

Express each of these propositions as an English sen-
tence.
a) p → q b) ¬q ↔ r
c) q → ¬r d) p ∨ q ∨ r
e) (p → ¬r) ∨ (q → ¬r) f ) (p ∧ q) ∨ (¬q ∧ r)

15. Let p and q be the propositions
p: You drive over 65 miles per hour.
q: You get a speeding ticket.

Write these propositions using p and q and logical con-
nectives (including negations).
a) You do not drive over 65 miles per hour.
b) You drive over 65 miles per hour, but you do not get

a speeding ticket.
c) You will get a speeding ticket if you drive over

65 miles per hour.
d) If you do not drive over 65 miles per hour, then you

will not get a speeding ticket.
e) Driving over 65 miles per hour is sufficient for getting

a speeding ticket.
f ) You get a speeding ticket, but you do not drive over

65 miles per hour.
g) Whenever you get a speeding ticket, you are driving

over 65 miles per hour.
16. Let p, q, and r be the propositions

p: You get an A on the final exam.
q: You do every exercise in this book.
r: You get an A in this class.

Write these propositions using p, q, and r and logical con-
nectives (including negations).
a) You get an A in this class, but you do not do every

exercise in this book.
b) You get an A on the final, you do every exercise in

this book, and you get an A in this class.
c) To get an A in this class, it is necessary for you to get

an A on the final.
d) You get an A on the final, but you don’t do every ex-

ercise in this book; nevertheless, you get an A in this
class.

e) Getting an A on the final and doing every exercise in
this book is sufficient for getting an A in this class.

f ) You will get an A in this class if and only if you either
do every exercise in this book or you get an A on the
final.

17. Let p, q, and r be the propositions
p: Grizzly bears have been seen in the area.
q: Hiking is safe on the trail.
r: Berries are ripe along the trail.

Write these propositions using p, q, and r and logical con-
nectives (including negations).
a) Berries are ripe along the trail, but grizzly bears have

not been seen in the area.
b) Grizzly bears have not been seen in the area and hik-

ing on the trail is safe, but berries are ripe along the
trail.

c) If berries are ripe along the trail, hiking is safe if and
only if grizzly bears have not been seen in the area.

d) It is not safe to hike on the trail, but grizzly bears have
not been seen in the area and the berries along the trail
are ripe.

e) For hiking on the trail to be safe, it is necessary but
not sufficient that berries not be ripe along the trail
and for grizzly bears not to have been seen in the area.
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f ) Hiking is not safe on the trail whenever grizzly bears
have been seen in the area and berries are ripe along
the trail.

18. Determine whether these biconditionals are true or
false.
a) 2 + 2 = 4 if and only if 1 + 1 = 2.
b) 1 + 1 = 2 if and only if 2 + 3 = 4.
c) 1 + 1 = 3 if and only if monkeys can fly.
d) 0 > 1 if and only if 2 > 1.

19. Determine whether each of these conditional statements
is true or false.
a) If 1 + 1 = 2, then 2 + 2 = 5.
b) If 1 + 1 = 3, then 2 + 2 = 4.
c) If 1 + 1 = 3, then 2 + 2 = 5.
d) If monkeys can fly, then 1 + 1 = 3.

20. Determine whether each of these conditional statements
is true or false.
a) If 1 + 1 = 3, then unicorns exist.
b) If 1 + 1 = 3, then dogs can fly.
c) If 1 + 1 = 2, then dogs can fly.
d) If 2 + 2 = 4, then 1 + 2 = 3.

21. For each of these sentences, determine whether an in-
clusive or, or an exclusive or, is intended. Explain your
answer.
a) Coffee or tea comes with dinner.
b) A password must have at least three digits or be at

least eight characters long.
c) The prerequisite for the course is a course in number

theory or a course in cryptography.
d) You can pay using U.S. dollars or euros.

22. For each of these sentences, determine whether an in-
clusive or, or an exclusive or, is intended. Explain your
answer.
a) Experience with C++ or Java is required.
b) Lunch includes soup or salad.
c) To enter the country you need a passport or a voter

registration card.
d) Publish or perish.

23. For each of these sentences, state what the sentence
means if the logical connective or is an inclusive or (that
is, a disjunction) versus an exclusive or. Which of these
meanings of or do you think is intended?
a) To take discrete mathematics, you must have taken

calculus or a course in computer science.
b) When you buy a new car from Acme Motor Company,

you get $2000 back in cash or a 2% car loan.
c) Dinner for two includes two items from column A or

three items from column B.
d) School is closed if more than two feet of snow falls or

if the wind chill is below −100 ◦F.
24. Write each of these statements in the form “if p, then q”

in English. [Hint: Refer to the list of common ways to ex-
press conditional statements provided in this section.]
a) It is necessary to wash the boss’s car to get promoted.
b) Winds from the south imply a spring thaw.

c) A sufficient condition for the warranty to be good is
that you bought the computer less than a year ago.

d) Willy gets caught whenever he cheats.
e) You can access the website only if you pay a subscrip-

tion fee.
f ) Getting elected follows from knowing the right

people.
g) Carol gets seasick whenever she is on a boat.

25. Write each of these statements in the form “if p, then q”
in English. [Hint: Refer to the list of common ways to
express conditional statements.]
a) It snows whenever the wind blows from the northeast.
b) The apple trees will bloom if it stays warm for

a week.
c) That the Pistons win the championship implies that

they beat the Lakers.
d) It is necessary to walk eight miles to get to the top of

Long’s Peak.
e) To get tenure as a professor, it is sufficient to be world

famous.
f ) If you drive more than 400 miles, you will need to

buy gasoline.
g) Your guarantee is good only if you bought your CD

player less than 90 days ago.
h) Jan will go swimming unless the water is too cold.
i) We will have a future, provided that people believe in

science.
26. Write each of these statements in the form “if p, then q”

in English. [Hint: Refer to the list of common ways to ex-
press conditional statements provided in this section.]
a) I will remember to send you the address only if you

send me an e-mail message.
b) To be a citizen of this country, it is sufficient that you

were born in the United States.
c) If you keep your textbook, it will be a useful reference

in your future courses.
d) The Red Wings will win the Stanley Cup if their

goalie plays well.
e) That you get the job implies that you had the best cre-

dentials.
f ) The beach erodes whenever there is a storm.
g) It is necessary to have a valid password to log on to

the server.
h) You will reach the summit unless you begin your

climb too late.
i) You will get a free ice cream cone, provided that you

are among the first 100 customers tomorrow.
27. Write each of these propositions in the form “p if and

only if q” in English.
a) If it is hot outside you buy an ice cream cone, and if

you buy an ice cream cone it is hot outside.
b) For you to win the contest it is necessary and suffi-

cient that you have the only winning ticket.
c) You get promoted only if you have connections, and

you have connections only if you get promoted.
d) If you watch television your mind will decay, and con-

versely.
e) The trains run late on exactly those days when I

take it.
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28. Write each of these propositions in the form “p if and
only if q” in English.
a) For you to get an A in this course, it is necessary and

sufficient that you learn how to solve discrete mathe-
matics problems.

b) If you read the newspaper every day, you will be in-
formed, and conversely.

c) It rains if it is a weekend day, and it is a weekend day
if it rains.

d) You can see the wizard only if the wizard is not in,
and the wizard is not in only if you can see him.

e) My airplane flight is late exactly when I have to catch
a connecting flight.

29. State the converse, contrapositive, and inverse of each of
these conditional statements.
a) If it snows today, I will ski tomorrow.
b) I come to class whenever there is going to be a quiz.
c) A positive integer is a prime only if it has no divisors

other than 1 and itself.
30. State the converse, contrapositive, and inverse of each of

these conditional statements.
a) If it snows tonight, then I will stay at home.
b) I go to the beach whenever it is a sunny summer day.
c) When I stay up late, it is necessary that I sleep until

noon.
31. How many rows appear in a truth table for each of these

compound propositions?
a) p → ¬p
b) (p ∨ ¬r) ∧ (q ∨ ¬s)
c) q ∨ p ∨ ¬s ∨ ¬r ∨ ¬t ∨ u
d) (p ∧ r ∧ t) ↔ (q ∧ t)

32. How many rows appear in a truth table for each of these
compound propositions?
a) (q → ¬p) ∨ (¬p → ¬q)
b) (p ∨ ¬t) ∧ (p ∨ ¬s)
c) (p → r) ∨ (¬s → ¬t) ∨ (¬u → v)
d) (p ∧ r ∧ s) ∨ (q ∧ t) ∨ (r ∧ ¬t)

33. Construct a truth table for each of these compound propo-
sitions.
a) p ∧ ¬p b) p ∨ ¬p
c) (p ∨ ¬q) → q d) (p ∨ q) → (p ∧ q)
e) (p → q) ↔ (¬q → ¬p)
f ) (p → q) → (q → p)

34. Construct a truth table for each of these compound propo-
sitions.
a) p → ¬p b) p ↔ ¬p
c) p ⊕ (p ∨ q) d) (p ∧ q) → (p ∨ q)
e) (q → ¬p) ↔ (p ↔ q)
f ) (p ↔ q) ⊕ (p ↔ ¬q)

35. Construct a truth table for each of these compound propo-
sitions.
a) (p ∨ q) → (p ⊕ q) b) (p ⊕ q) → (p ∧ q)
c) (p ∨ q) ⊕ (p ∧ q) d) (p ↔ q) ⊕ (¬p ↔ q)
e) (p ↔ q) ⊕ (¬p ↔ ¬r)
f ) (p ⊕ q) → (p ⊕ ¬q)

36. Construct a truth table for each of these compound propo-
sitions.
a) p ⊕ p b) p ⊕ ¬p
c) p ⊕ ¬q d) ¬p ⊕ ¬q
e) (p ⊕ q) ∨ (p ⊕ ¬q) f ) (p ⊕ q) ∧ (p ⊕ ¬q)

37. Construct a truth table for each of these compound propo-
sitions.
a) p → ¬q b) ¬p ↔ q
c) (p → q) ∨ (¬p → q) d) (p → q) ∧ (¬p → q)
e) (p ↔ q) ∨ (¬p ↔ q)
f ) (¬p ↔ ¬q) ↔ (p ↔ q)

38. Construct a truth table for each of these compound propo-
sitions.
a) (p ∨ q) ∨ r b) (p ∨ q) ∧ r
c) (p ∧ q) ∨ r d) (p ∧ q) ∧ r
e) (p ∨ q) ∧ ¬r f ) (p ∧ q) ∨ ¬r

39. Construct a truth table for each of these compound propo-
sitions.
a) p → (¬q ∨ r)
b) ¬p → (q → r)
c) (p → q) ∨ (¬p → r)
d) (p → q) ∧ (¬p → r)
e) (p ↔ q) ∨ (¬q ↔ r)
f ) (¬p ↔ ¬q) ↔ (q ↔ r)

40. Construct a truth table for ((p → q) → r) → s.
41. Construct a truth table for (p ↔ q) ↔ (r ↔ s).
42. Explain, without using a truth table, why (p ∨ ¬q) ∧

(q ∨ ¬r) ∧ (r ∨ ¬p) is true when p, q, and r have the same
truth value and it is false otherwise.

43. Explain, without using a truth table, why (p ∨ q ∨ r) ∧
(¬p ∨ ¬q ∨ ¬r) is true when at least one of p, q, and r is
true and at least one is false, but is false when all three
variables have the same truth value.

44. If p1, p2,… , pn are n propositions, explain why
n−1⋀
i=1

n⋀
j=i+1

(¬pi ∨ ¬pj)

is true if and only if at most one of p1, p2,… , pn is true.
45. Use Exercise 44 to construct a compound proposition

that is true if and only if exactly one of the proposi-
tions p1, p2,… , pn is true. [Hint: Combine the compound
proposition in Exercise 44 and a compound proposition
that is true if and only if at least one of p1, p2,… , pn is
true.]

46. What is the value of x after each of these statements is
encountered in a computer program, if x = 1 before the
statement is reached?
a) if x + 2 = 3 then x := x + 1
b) if (x + 1 = 3) OR (2x + 2 = 3) then x := x + 1
c) if (2x + 3 = 5) AND (3x + 4 = 7) then x := x + 1
d) if (x + 1 = 2) XOR (x + 2 = 3) then x := x + 1
e) if x < 2 then x := x + 1

47. Find the bitwise OR, bitwise AND, and bitwise XOR of
each of these pairs of bit strings.
a) 101 1110, 010 0001
b) 1111 0000, 1010 1010
c) 00 0111 0001, 10 0100 1000
d) 11 1111 1111, 00 0000 0000
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Exercises from Section 1.2
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b) “The message was sent from an unknown system but
it was not scanned for viruses.”

c) “It is necessary to scan the message for viruses when-
ever it was sent from an unknown system.”

d) “When a message is not sent from an unknown sys-
tem it is not scanned for viruses.”

8. Express these system specifications using the proposi-
tions p: “The user enters a valid password,” q: “Access
is granted,” and r: “The user has paid the subscription
fee” and logical connectives (including negations).
a) “The user has paid the subscription fee, but does not

enter a valid password.”
b) “Access is granted whenever the user has paid the

subscription fee and enters a valid password.”
c) “Access is denied if the user has not paid the subscrip-

tion fee.”
d) “If the user has not entered a valid password but has

paid the subscription fee, then access is granted.”
9. Are these system specifications consistent? “The system

is in multiuser state if and only if it is operating normally.
If the system is operating normally, the kernel is func-
tioning. The kernel is not functioning or the system is in
interrupt mode. If the system is not in multiuser state,
then it is in interrupt mode. The system is not in interrupt
mode.”

10. Are these system specifications consistent? “Whenever
the system software is being upgraded, users cannot ac-
cess the file system. If users can access the file system,
then they can save new files. If users cannot save new
files, then the system software is not being upgraded.”

11. Are these system specifications consistent? “The router
can send packets to the edge system only if it supports the
new address space. For the router to support the new ad-
dress space it is necessary that the latest software release
be installed. The router can send packets to the edge sys-
tem if the latest software release is installed. The router
does not support the new address space.”

12. Are these system specifications consistent? “If the file
system is not locked, then new messages will be queued.
If the file system is not locked, then the system is func-
tioning normally, and conversely. If new messages are not
queued, then they will be sent to the message buffer. If the
file system is not locked, then new messages will be sent
to the message buffer. New messages will not be sent to
the message buffer.”

13. What Boolean search would you use to look for Web
pages about beaches in New Jersey? What if you wanted
to find Web pages about beaches on the isle of Jersey (in
the English Channel)?

14. What Boolean search would you use to look for Web
pages about hiking in West Virginia? What if you wanted
to find Web pages about hiking in Virginia, but not in
West Virginia?

15. What Google search would you use to look for Web pages
relating to Ethiopian restaurants in New York or New
Jersey?

16. What Google search would you use to look for men’s
shoes or boots not designed for work?

17. Suppose that in Example 7, the inscriptions on Trunks 1,
2, and 3 are “The treasure is in Trunk 3,” “The treasure is
in Trunk 1,” and “This trunk is empty.” For each of these
statements, determine whether the Queen who never
lies could state this, and if so, which trunk the treasure
is in.
a) “All the inscriptions are false.”
b) “Exactly one of the inscriptions is true.”
c) “Exactly two of the inscriptions are true.”
d) “All three inscriptions are true.”

18. Suppose that in Example 7 there are treasures in two of
the three trunks. The inscriptions on Trunks 1, 2, and 3
are “This trunk is empty,” “There is a treasure in Trunk
1,” and “There is a treasure in Trunk 2.” For each of these
statements, determine whether the Queen who never lies
could state this, and if so, which two trunks the treasures
are in.
a) “All the inscriptions are false.”
b) “Exactly one of the inscriptions is true.”
c) “Exactly two of the inscriptions are true.”
d) “All three inscriptions are true.”

∗19. Each inhabitant of a remote village always tells the truth
or always lies. A villager will give only a “Yes” or a “No”
response to a question a tourist asks. Suppose you are a
tourist visiting this area and come to a fork in the road.
One branch leads to the ruins you want to visit; the other
branch leads deep into the jungle. A villager is standing
at the fork in the road. What one question can you ask the
villager to determine which branch to take?

20. An explorer is captured by a group of cannibals. There are
two types of cannibals—those who always tell the truth
and those who always lie. The cannibals will barbecue
the explorer unless he can determine whether a particu-
lar cannibal always lies or always tells the truth. He is
allowed to ask the cannibal exactly one question.
a) Explain why the question “Are you a liar?” does not

work.
b) Find a question that the explorer can use to determine

whether the cannibal always lies or always tells the
truth.

21. When three professors are seated in a restaurant, the host-
ess asks them: “Does everyone want coffee?” The first
professor says “I do not know.” The second professor then
says “I do not know.” Finally, the third professor says
“No, not everyone wants coffee.” The hostess comes back
and gives coffee to the professors who want it. How did
she figure out who wanted coffee?

22. When planning a party you want to know whom to in-
vite. Among the people you would like to invite are three
touchy friends. You know that if Jasmine attends, she will
become unhappy if Samir is there, Samir will attend only
if Kanti will be there, and Kanti will not attend unless
Jasmine also does. Which combinations of these three
friends can you invite so as not to make someone un-
happy?
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Exercises

1. Use truth tables to verify these equivalences.
a) p ∧ T ≡ p b) p ∨ F ≡ p
c) p ∧ F ≡ F d) p ∨ T ≡ T
e) p ∨ p ≡ p f ) p ∧ p ≡ p

2. Show that ¬(¬p) and p are logically equivalent.
3. Use truth tables to verify the commutative laws

a) p ∨ q ≡ q ∨ p. b) p ∧ q ≡ q ∧ p.
4. Use truth tables to verify the associative laws

a) (p ∨ q) ∨ r ≡ p ∨ (q ∨ r).
b) (p ∧ q) ∧ r ≡ p ∧ (q ∧ r).

5. Use a truth table to verify the distributive law
p ∧ (q ∨ r) ≡ (p ∧ q) ∨ (p ∧ r).

6. Use a truth table to verify the first De Morgan law
¬(p ∧ q) ≡ ¬p ∨ ¬q.

7. Use De Morgan’s laws to find the negation of each of the
following statements.
a) Jan is rich and happy.
b) Carlos will bicycle or run tomorrow.
c) Mei walks or takes the bus to class.
d) Ibrahim is smart and hard working.

8. Use De Morgan’s laws to find the negation of each of the
following statements.
a) Kwame will take a job in industry or go to graduate

school.
b) Yoshiko knows Java and calculus.
c) James is young and strong.
d) Rita will move to Oregon or Washington.

9. For each of these compound propositions, use the
conditional-disjunction equivalence (Example 3) to find
an equivalent compound proposition that does not in-
volve conditionals.
a) p → ¬q
b) (p → q) → r
c) (¬q → p) → (p → ¬q)

10. For each of these compound propositions, use the
conditional-disjunction equivalence (Example 3) to find
an equivalent compound proposition that does not in-
volve conditionals.
a) ¬p → ¬q
b) (p ∨ q) → ¬p
c) (p → ¬q) → (¬p → q)

11. Show that each of these conditional statements is a tau-
tology by using truth tables.
a) (p ∧ q) → p b) p → (p ∨ q)
c) ¬p → (p → q) d) (p ∧ q) → (p → q)
e) ¬(p → q) → p f ) ¬(p → q) → ¬q

12. Show that each of these conditional statements is a tau-
tology by using truth tables.
a) [¬p ∧ (p ∨ q)] → q
b) [(p → q) ∧ (q → r)] → (p → r)
c) [p ∧ (p → q)] → q
d) [(p ∨ q) ∧ (p → r) ∧ (q → r)] → r

13. Show that each conditional statement in Exercise 11 is
a tautology using the fact that a conditional statement is
false exactly when the hypothesis is true and the conclu-
sion is false. (Do not use truth tables.)

14. Show that each conditional statement in Exercise 12 is
a tautology using the fact that a conditional statement is
false exactly when the hypothesis is true and the conclu-
sion is false. (Do not use truth tables.)

15. Show that each conditional statement in Exercise 11 is a
tautology by applying a chain of logical identities as in
Example 8. (Do not use truth tables.)

16. Show that each conditional statement in Exercise 12 is a
tautology by applying a chain of logical identities as in
Example 8. (Do not use truth tables.)

17. Use truth tables to verify the absorption laws.
a) p ∨ (p ∧ q) ≡ p b) p ∧ (p ∨ q) ≡ p

18. Determine whether (¬p ∧ (p → q)) → ¬q is a tautology.
19. Determine whether (¬q ∧ (p → q)) → ¬p is a tautology.
Each of Exercises 20–32 asks you to show that two compound
propositions are logically equivalent. To do this, either show
that both sides are true, or that both sides are false, for ex-
actly the same combinations of truth values of the proposi-
tional variables in these expressions (whichever is easier).
20. Show that p ↔ q and (p ∧ q) ∨ (¬p ∧ ¬q) are logically

equivalent.
21. Show that ¬(p ↔ q) and p ↔ ¬q are logically equivalent.
22. Show that p → q and ¬q → ¬p are logically equivalent.
23. Show that ¬p ↔ q and p ↔ ¬q are logically equivalent.
24. Show that ¬(p ⊕ q) and p ↔ q are logically equivalent.
25. Show that ¬(p ↔ q) and ¬p ↔ q are logically equivalent.
26. Show that (p → q) ∧ (p → r) and p → (q ∧ r) are logi-

cally equivalent.
27. Show that (p → r) ∧ (q → r) and (p ∨ q) → r are logi-

cally equivalent.
28. Show that (p → q) ∨ (p → r) and p → (q ∨ r) are logi-

cally equivalent.
29. Show that (p → r) ∨ (q → r) and (p ∧ q) → r are logi-

cally equivalent.
30. Show that ¬p → (q → r) and q → (p ∨ r) are logically

equivalent.
31. Show that p ↔ q and (p → q) ∧ (q → p) are logically

equivalent.
32. Show that p ↔ q and ¬p ↔ ¬q are logically equivalent.
33. Show that (p → q) ∧ (q → r) → (p → r) is a tautology.
34. Show that (p ∨ q) ∧ (¬p ∨ r) → (q ∨ r) is a tautology.
35. Show that (p → q) → r and p → (q → r) are not logically

equivalent.
36. Show that (p ∧ q) → r and (p → r) ∧ (q → r) are not log-

ically equivalent.
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d) Ibrahim is smart and hard working.

8. Use De Morgan’s laws to find the negation of each of the
following statements.
a) Kwame will take a job in industry or go to graduate

school.
b) Yoshiko knows Java and calculus.
c) James is young and strong.
d) Rita will move to Oregon or Washington.

9. For each of these compound propositions, use the
conditional-disjunction equivalence (Example 3) to find
an equivalent compound proposition that does not in-
volve conditionals.
a) p → ¬q
b) (p → q) → r
c) (¬q → p) → (p → ¬q)

10. For each of these compound propositions, use the
conditional-disjunction equivalence (Example 3) to find
an equivalent compound proposition that does not in-
volve conditionals.
a) ¬p → ¬q
b) (p ∨ q) → ¬p
c) (p → ¬q) → (¬p → q)

11. Show that each of these conditional statements is a tau-
tology by using truth tables.
a) (p ∧ q) → p b) p → (p ∨ q)
c) ¬p → (p → q) d) (p ∧ q) → (p → q)
e) ¬(p → q) → p f ) ¬(p → q) → ¬q

12. Show that each of these conditional statements is a tau-
tology by using truth tables.
a) [¬p ∧ (p ∨ q)] → q
b) [(p → q) ∧ (q → r)] → (p → r)
c) [p ∧ (p → q)] → q
d) [(p ∨ q) ∧ (p → r) ∧ (q → r)] → r

13. Show that each conditional statement in Exercise 11 is
a tautology using the fact that a conditional statement is
false exactly when the hypothesis is true and the conclu-
sion is false. (Do not use truth tables.)

14. Show that each conditional statement in Exercise 12 is
a tautology using the fact that a conditional statement is
false exactly when the hypothesis is true and the conclu-
sion is false. (Do not use truth tables.)

15. Show that each conditional statement in Exercise 11 is a
tautology by applying a chain of logical identities as in
Example 8. (Do not use truth tables.)

16. Show that each conditional statement in Exercise 12 is a
tautology by applying a chain of logical identities as in
Example 8. (Do not use truth tables.)

17. Use truth tables to verify the absorption laws.
a) p ∨ (p ∧ q) ≡ p b) p ∧ (p ∨ q) ≡ p

18. Determine whether (¬p ∧ (p → q)) → ¬q is a tautology.
19. Determine whether (¬q ∧ (p → q)) → ¬p is a tautology.
Each of Exercises 20–32 asks you to show that two compound
propositions are logically equivalent. To do this, either show
that both sides are true, or that both sides are false, for ex-
actly the same combinations of truth values of the proposi-
tional variables in these expressions (whichever is easier).
20. Show that p ↔ q and (p ∧ q) ∨ (¬p ∧ ¬q) are logically

equivalent.
21. Show that ¬(p ↔ q) and p ↔ ¬q are logically equivalent.
22. Show that p → q and ¬q → ¬p are logically equivalent.
23. Show that ¬p ↔ q and p ↔ ¬q are logically equivalent.
24. Show that ¬(p ⊕ q) and p ↔ q are logically equivalent.
25. Show that ¬(p ↔ q) and ¬p ↔ q are logically equivalent.
26. Show that (p → q) ∧ (p → r) and p → (q ∧ r) are logi-

cally equivalent.
27. Show that (p → r) ∧ (q → r) and (p ∨ q) → r are logi-

cally equivalent.
28. Show that (p → q) ∨ (p → r) and p → (q ∨ r) are logi-

cally equivalent.
29. Show that (p → r) ∨ (q → r) and (p ∧ q) → r are logi-

cally equivalent.
30. Show that ¬p → (q → r) and q → (p ∨ r) are logically

equivalent.
31. Show that p ↔ q and (p → q) ∧ (q → p) are logically

equivalent.
32. Show that p ↔ q and ¬p ↔ ¬q are logically equivalent.
33. Show that (p → q) ∧ (q → r) → (p → r) is a tautology.
34. Show that (p ∨ q) ∧ (¬p ∨ r) → (q ∨ r) is a tautology.
35. Show that (p → q) → r and p → (q → r) are not logically

equivalent.
36. Show that (p ∧ q) → r and (p → r) ∧ (q → r) are not log-

ically equivalent.
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1. Use truth tables to verify these equivalences.
a) p ∧ T ≡ p b) p ∨ F ≡ p
c) p ∧ F ≡ F d) p ∨ T ≡ T
e) p ∨ p ≡ p f ) p ∧ p ≡ p

2. Show that ¬(¬p) and p are logically equivalent.
3. Use truth tables to verify the commutative laws
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p ∧ (q ∨ r) ≡ (p ∧ q) ∨ (p ∧ r).

6. Use a truth table to verify the first De Morgan law
¬(p ∧ q) ≡ ¬p ∨ ¬q.

7. Use De Morgan’s laws to find the negation of each of the
following statements.
a) Jan is rich and happy.
b) Carlos will bicycle or run tomorrow.
c) Mei walks or takes the bus to class.
d) Ibrahim is smart and hard working.

8. Use De Morgan’s laws to find the negation of each of the
following statements.
a) Kwame will take a job in industry or go to graduate

school.
b) Yoshiko knows Java and calculus.
c) James is young and strong.
d) Rita will move to Oregon or Washington.

9. For each of these compound propositions, use the
conditional-disjunction equivalence (Example 3) to find
an equivalent compound proposition that does not in-
volve conditionals.
a) p → ¬q
b) (p → q) → r
c) (¬q → p) → (p → ¬q)

10. For each of these compound propositions, use the
conditional-disjunction equivalence (Example 3) to find
an equivalent compound proposition that does not in-
volve conditionals.
a) ¬p → ¬q
b) (p ∨ q) → ¬p
c) (p → ¬q) → (¬p → q)

11. Show that each of these conditional statements is a tau-
tology by using truth tables.
a) (p ∧ q) → p b) p → (p ∨ q)
c) ¬p → (p → q) d) (p ∧ q) → (p → q)
e) ¬(p → q) → p f ) ¬(p → q) → ¬q

12. Show that each of these conditional statements is a tau-
tology by using truth tables.
a) [¬p ∧ (p ∨ q)] → q
b) [(p → q) ∧ (q → r)] → (p → r)
c) [p ∧ (p → q)] → q
d) [(p ∨ q) ∧ (p → r) ∧ (q → r)] → r

13. Show that each conditional statement in Exercise 11 is
a tautology using the fact that a conditional statement is
false exactly when the hypothesis is true and the conclu-
sion is false. (Do not use truth tables.)

14. Show that each conditional statement in Exercise 12 is
a tautology using the fact that a conditional statement is
false exactly when the hypothesis is true and the conclu-
sion is false. (Do not use truth tables.)

15. Show that each conditional statement in Exercise 11 is a
tautology by applying a chain of logical identities as in
Example 8. (Do not use truth tables.)

16. Show that each conditional statement in Exercise 12 is a
tautology by applying a chain of logical identities as in
Example 8. (Do not use truth tables.)

17. Use truth tables to verify the absorption laws.
a) p ∨ (p ∧ q) ≡ p b) p ∧ (p ∨ q) ≡ p

18. Determine whether (¬p ∧ (p → q)) → ¬q is a tautology.
19. Determine whether (¬q ∧ (p → q)) → ¬p is a tautology.
Each of Exercises 20–32 asks you to show that two compound
propositions are logically equivalent. To do this, either show
that both sides are true, or that both sides are false, for ex-
actly the same combinations of truth values of the proposi-
tional variables in these expressions (whichever is easier).
20. Show that p ↔ q and (p ∧ q) ∨ (¬p ∧ ¬q) are logically

equivalent.
21. Show that ¬(p ↔ q) and p ↔ ¬q are logically equivalent.
22. Show that p → q and ¬q → ¬p are logically equivalent.
23. Show that ¬p ↔ q and p ↔ ¬q are logically equivalent.
24. Show that ¬(p ⊕ q) and p ↔ q are logically equivalent.
25. Show that ¬(p ↔ q) and ¬p ↔ q are logically equivalent.
26. Show that (p → q) ∧ (p → r) and p → (q ∧ r) are logi-

cally equivalent.
27. Show that (p → r) ∧ (q → r) and (p ∨ q) → r are logi-

cally equivalent.
28. Show that (p → q) ∨ (p → r) and p → (q ∨ r) are logi-

cally equivalent.
29. Show that (p → r) ∨ (q → r) and (p ∧ q) → r are logi-

cally equivalent.
30. Show that ¬p → (q → r) and q → (p ∨ r) are logically

equivalent.
31. Show that p ↔ q and (p → q) ∧ (q → p) are logically

equivalent.
32. Show that p ↔ q and ¬p ↔ ¬q are logically equivalent.
33. Show that (p → q) ∧ (q → r) → (p → r) is a tautology.
34. Show that (p ∨ q) ∧ (¬p ∨ r) → (q ∨ r) is a tautology.
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Prolog answers queries using the facts and rules it is given. For example, using the facts
and rules listed, the query

?enrolled(kevin,math273)

produces the response
yes

because the fact enrolled(kevin, math273) was provided as input. The query

?enrolled(X,math273)

produces the response

kevin
kiko

To produce this response, Prolog determines all possible values of X for which
enrolled(X, math273) has been included as a Prolog fact. Similarly, to find all the professors
who are instructors in classes being taken by Juana, we use the query

?teaches(X,juana)

This query returns

patel
grossman ◂

Exercises

1. Let P(x) denote the statement “x ≤ 4.” What are these
truth values?
a) P(0) b) P(4) c) P(6)

2. Let P(x) be the statement “The word x contains the
letter a.” What are these truth values?
a) P(orange) b) P(lemon)
c) P(true) d) P(false)

3. Let Q(x, y) denote the statement “x is the capital of y.”
What are these truth values?
a) Q(Denver, Colorado)
b) Q(Detroit, Michigan)
c) Q(Massachusetts, Boston)
d) Q(New York, New York)

4. State the value of x after the statement if P(x) then x := 1
is executed, where P(x) is the statement “x > 1,” if the
value of x when this statement is reached is
a) x = 0. b) x = 1.
c) x = 2.

5. Let P(x) be the statement “x spends more than five hours
every weekday in class,” where the domain for x consists
of all students. Express each of these quantifications in
English.

a) ∃xP(x) b) ∀xP(x)
c) ∃x¬P(x) d) ∀x¬P(x)

6. Let N(x) be the statement “x has visited North Dakota,”
where the domain consists of the students in your school.
Express each of these quantifications in English.
a) ∃xN(x) b) ∀xN(x) c) ¬∃xN(x)
d) ∃x¬N(x) e) ¬∀xN(x) f ) ∀x¬N(x)

7. Translate these statements into English, where C(x) is “x
is a comedian” and F(x) is “x is funny” and the domain
consists of all people.
a) ∀x(C(x) → F(x)) b) ∀x(C(x) ∧ F(x))
c) ∃x(C(x) → F(x)) d) ∃x(C(x) ∧ F(x))

8. Translate these statements into English, where R(x) is “x
is a rabbit” and H(x) is “x hops” and the domain consists
of all animals.
a) ∀x(R(x) → H(x)) b) ∀x(R(x) ∧ H(x))
c) ∃x(R(x) → H(x)) d) ∃x(R(x) ∧ H(x))

9. Let P(x) be the statement “x can speak Russian” and let
Q(x) be the statement “x knows the computer language
C++.” Express each of these sentences in terms of P(x),
Q(x), quantifiers, and logical connectives. The domain
for quantifiers consists of all students at your school.
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a) There is a student at your school who can speak Rus-
sian and who knows C++.

b) There is a student at your school who can speak Rus-
sian but who doesn’t know C++.

c) Every student at your school either can speak Russian
or knows C++.

d) No student at your school can speak Russian or knows
C++.

10. Let C(x) be the statement “x has a cat,” let D(x) be the
statement “x has a dog,” and let F(x) be the statement “x
has a ferret.” Express each of these statements in terms
of C(x), D(x), F(x), quantifiers, and logical connectives.
Let the domain consist of all students in your class.
a) A student in your class has a cat, a dog, and a ferret.
b) All students in your class have a cat, a dog, or a ferret.
c) Some student in your class has a cat and a ferret, but

not a dog.
d) No student in your class has a cat, a dog, and a ferret.
e) For each of the three animals, cats, dogs, and ferrets,

there is a student in your class who has this animal as
a pet.

11. Let P(x) be the statement “x = x2.” If the domain consists
of the integers, what are these truth values?
a) P(0) b) P(1) c) P(2)
d) P(−1) e) ∃xP(x) f ) ∀xP(x)

12. Let Q(x) be the statement “x + 1 > 2x.” If the domain
consists of all integers, what are these truth values?
a) Q(0) b) Q(−1) c) Q(1)
d) ∃xQ(x) e) ∀xQ(x) f ) ∃x¬Q(x)
g) ∀x¬Q(x)

13. Determine the truth value of each of these statements if
the domain consists of all integers.
a) ∀n(n + 1 > n) b) ∃n(2n = 3n)
c) ∃n(n = −n) d) ∀n(3n ≤ 4n)

14. Determine the truth value of each of these statements if
the domain consists of all real numbers.
a) ∃x(x3 = −1) b) ∃x(x4 < x2)
c) ∀x((−x)2 = x2) d) ∀x(2x > x)

15. Determine the truth value of each of these statements if
the domain for all variables consists of all integers.
a) ∀n(n2 ≥ 0) b) ∃n(n2 = 2)
c) ∀n(n2 ≥ n) d) ∃n(n2 < 0)

16. Determine the truth value of each of these statements
if the domain of each variable consists of all real num-
bers.
a) ∃x(x2 = 2) b) ∃x(x2 = −1)
c) ∀x(x2 + 2 ≥ 1) d) ∀x(x2 ≠ x)

17. Suppose that the domain of the propositional function
P(x) consists of the integers 0, 1, 2, 3, and 4. Write out
each of these propositions using disjunctions, conjunc-
tions, and negations.
a) ∃xP(x) b) ∀xP(x) c) ∃x¬P(x)
d) ∀x¬P(x) e) ¬∃xP(x) f ) ¬∀xP(x)

18. Suppose that the domain of the propositional function
P(x) consists of the integers −2, −1, 0, 1, and 2. Write
out each of these propositions using disjunctions, con-
junctions, and negations.
a) ∃xP(x) b) ∀xP(x) c) ∃x¬P(x)
d) ∀x¬P(x) e) ¬∃xP(x) f ) ¬∀xP(x)

19. Suppose that the domain of the propositional function
P(x) consists of the integers 1, 2, 3, 4, and 5. Express
these statements without using quantifiers, instead using
only negations, disjunctions, and conjunctions.
a) ∃xP(x) b) ∀xP(x)
c) ¬∃xP(x) d) ¬∀xP(x)
e) ∀x((x ≠ 3) → P(x)) ∨ ∃x¬P(x)

20. Suppose that the domain of the propositional function
P(x) consists of −5, −3, −1, 1, 3, and 5. Express these
statements without using quantifiers, instead using only
negations, disjunctions, and conjunctions.
a) ∃xP(x) b) ∀xP(x)
c) ∀x((x ≠ 1) → P(x))
d) ∃x((x ≥ 0) ∧ P(x))
e) ∃x(¬P(x)) ∧ ∀x((x < 0) → P(x))

21. For each of these statements find a domain for which the
statement is true and a domain for which the statement is
false.
a) Everyone is studying discrete mathematics.
b) Everyone is older than 21 years.
c) Every two people have the same mother.
d) No two different people have the same grandmother.

22. For each of these statements find a domain for which the
statement is true and a domain for which the statement is
false.
a) Everyone speaks Hindi.
b) There is someone older than 21 years.
c) Every two people have the same first name.
d) Someone knows more than two other people.

23. Translate in two ways each of these statements into logi-
cal expressions using predicates, quantifiers, and logical
connectives. First, let the domain consist of the students
in your class and second, let it consist of all people.
a) Someone in your class can speak Hindi.
b) Everyone in your class is friendly.
c) There is a person in your class who was not born in

California.
d) A student in your class has been in a movie.
e) No student in your class has taken a course in logic

programming.
24. Translate in two ways each of these statements into logi-

cal expressions using predicates, quantifiers, and logical
connectives. First, let the domain consist of the students
in your class and second, let it consist of all people.
a) Everyone in your class has a cellular phone.
b) Somebody in your class has seen a foreign movie.
c) There is a person in your class who cannot swim.
d) All students in your class can solve quadratic equa-

tions.
e) Some student in your class does not want to be rich.

25. Translate each of these statements into logical expres-
sions using predicates, quantifiers, and logical connec-
tives.
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a) There is a student at your school who can speak Rus-
sian and who knows C++.

b) There is a student at your school who can speak Rus-
sian but who doesn’t know C++.

c) Every student at your school either can speak Russian
or knows C++.

d) No student at your school can speak Russian or knows
C++.

10. Let C(x) be the statement “x has a cat,” let D(x) be the
statement “x has a dog,” and let F(x) be the statement “x
has a ferret.” Express each of these statements in terms
of C(x), D(x), F(x), quantifiers, and logical connectives.
Let the domain consist of all students in your class.
a) A student in your class has a cat, a dog, and a ferret.
b) All students in your class have a cat, a dog, or a ferret.
c) Some student in your class has a cat and a ferret, but

not a dog.
d) No student in your class has a cat, a dog, and a ferret.
e) For each of the three animals, cats, dogs, and ferrets,

there is a student in your class who has this animal as
a pet.

11. Let P(x) be the statement “x = x2.” If the domain consists
of the integers, what are these truth values?
a) P(0) b) P(1) c) P(2)
d) P(−1) e) ∃xP(x) f ) ∀xP(x)

12. Let Q(x) be the statement “x + 1 > 2x.” If the domain
consists of all integers, what are these truth values?
a) Q(0) b) Q(−1) c) Q(1)
d) ∃xQ(x) e) ∀xQ(x) f ) ∃x¬Q(x)
g) ∀x¬Q(x)

13. Determine the truth value of each of these statements if
the domain consists of all integers.
a) ∀n(n + 1 > n) b) ∃n(2n = 3n)
c) ∃n(n = −n) d) ∀n(3n ≤ 4n)

14. Determine the truth value of each of these statements if
the domain consists of all real numbers.
a) ∃x(x3 = −1) b) ∃x(x4 < x2)
c) ∀x((−x)2 = x2) d) ∀x(2x > x)

15. Determine the truth value of each of these statements if
the domain for all variables consists of all integers.
a) ∀n(n2 ≥ 0) b) ∃n(n2 = 2)
c) ∀n(n2 ≥ n) d) ∃n(n2 < 0)

16. Determine the truth value of each of these statements
if the domain of each variable consists of all real num-
bers.
a) ∃x(x2 = 2) b) ∃x(x2 = −1)
c) ∀x(x2 + 2 ≥ 1) d) ∀x(x2 ≠ x)

17. Suppose that the domain of the propositional function
P(x) consists of the integers 0, 1, 2, 3, and 4. Write out
each of these propositions using disjunctions, conjunc-
tions, and negations.
a) ∃xP(x) b) ∀xP(x) c) ∃x¬P(x)
d) ∀x¬P(x) e) ¬∃xP(x) f ) ¬∀xP(x)

18. Suppose that the domain of the propositional function
P(x) consists of the integers −2, −1, 0, 1, and 2. Write
out each of these propositions using disjunctions, con-
junctions, and negations.
a) ∃xP(x) b) ∀xP(x) c) ∃x¬P(x)
d) ∀x¬P(x) e) ¬∃xP(x) f ) ¬∀xP(x)

19. Suppose that the domain of the propositional function
P(x) consists of the integers 1, 2, 3, 4, and 5. Express
these statements without using quantifiers, instead using
only negations, disjunctions, and conjunctions.
a) ∃xP(x) b) ∀xP(x)
c) ¬∃xP(x) d) ¬∀xP(x)
e) ∀x((x ≠ 3) → P(x)) ∨ ∃x¬P(x)

20. Suppose that the domain of the propositional function
P(x) consists of −5, −3, −1, 1, 3, and 5. Express these
statements without using quantifiers, instead using only
negations, disjunctions, and conjunctions.
a) ∃xP(x) b) ∀xP(x)
c) ∀x((x ≠ 1) → P(x))
d) ∃x((x ≥ 0) ∧ P(x))
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21. For each of these statements find a domain for which the
statement is true and a domain for which the statement is
false.
a) Everyone is studying discrete mathematics.
b) Everyone is older than 21 years.
c) Every two people have the same mother.
d) No two different people have the same grandmother.

22. For each of these statements find a domain for which the
statement is true and a domain for which the statement is
false.
a) Everyone speaks Hindi.
b) There is someone older than 21 years.
c) Every two people have the same first name.
d) Someone knows more than two other people.

23. Translate in two ways each of these statements into logi-
cal expressions using predicates, quantifiers, and logical
connectives. First, let the domain consist of the students
in your class and second, let it consist of all people.
a) Someone in your class can speak Hindi.
b) Everyone in your class is friendly.
c) There is a person in your class who was not born in

California.
d) A student in your class has been in a movie.
e) No student in your class has taken a course in logic

programming.
24. Translate in two ways each of these statements into logi-

cal expressions using predicates, quantifiers, and logical
connectives. First, let the domain consist of the students
in your class and second, let it consist of all people.
a) Everyone in your class has a cellular phone.
b) Somebody in your class has seen a foreign movie.
c) There is a person in your class who cannot swim.
d) All students in your class can solve quadratic equa-

tions.
e) Some student in your class does not want to be rich.

25. Translate each of these statements into logical expres-
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tives.
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a) There is a student at your school who can speak Rus-
sian and who knows C++.

b) There is a student at your school who can speak Rus-
sian but who doesn’t know C++.

c) Every student at your school either can speak Russian
or knows C++.

d) No student at your school can speak Russian or knows
C++.

10. Let C(x) be the statement “x has a cat,” let D(x) be the
statement “x has a dog,” and let F(x) be the statement “x
has a ferret.” Express each of these statements in terms
of C(x), D(x), F(x), quantifiers, and logical connectives.
Let the domain consist of all students in your class.
a) A student in your class has a cat, a dog, and a ferret.
b) All students in your class have a cat, a dog, or a ferret.
c) Some student in your class has a cat and a ferret, but

not a dog.
d) No student in your class has a cat, a dog, and a ferret.
e) For each of the three animals, cats, dogs, and ferrets,

there is a student in your class who has this animal as
a pet.

11. Let P(x) be the statement “x = x2.” If the domain consists
of the integers, what are these truth values?
a) P(0) b) P(1) c) P(2)
d) P(−1) e) ∃xP(x) f ) ∀xP(x)

12. Let Q(x) be the statement “x + 1 > 2x.” If the domain
consists of all integers, what are these truth values?
a) Q(0) b) Q(−1) c) Q(1)
d) ∃xQ(x) e) ∀xQ(x) f ) ∃x¬Q(x)
g) ∀x¬Q(x)

13. Determine the truth value of each of these statements if
the domain consists of all integers.
a) ∀n(n + 1 > n) b) ∃n(2n = 3n)
c) ∃n(n = −n) d) ∀n(3n ≤ 4n)

14. Determine the truth value of each of these statements if
the domain consists of all real numbers.
a) ∃x(x3 = −1) b) ∃x(x4 < x2)
c) ∀x((−x)2 = x2) d) ∀x(2x > x)

15. Determine the truth value of each of these statements if
the domain for all variables consists of all integers.
a) ∀n(n2 ≥ 0) b) ∃n(n2 = 2)
c) ∀n(n2 ≥ n) d) ∃n(n2 < 0)

16. Determine the truth value of each of these statements
if the domain of each variable consists of all real num-
bers.
a) ∃x(x2 = 2) b) ∃x(x2 = −1)
c) ∀x(x2 + 2 ≥ 1) d) ∀x(x2 ≠ x)

17. Suppose that the domain of the propositional function
P(x) consists of the integers 0, 1, 2, 3, and 4. Write out
each of these propositions using disjunctions, conjunc-
tions, and negations.
a) ∃xP(x) b) ∀xP(x) c) ∃x¬P(x)
d) ∀x¬P(x) e) ¬∃xP(x) f ) ¬∀xP(x)

18. Suppose that the domain of the propositional function
P(x) consists of the integers −2, −1, 0, 1, and 2. Write
out each of these propositions using disjunctions, con-
junctions, and negations.
a) ∃xP(x) b) ∀xP(x) c) ∃x¬P(x)
d) ∀x¬P(x) e) ¬∃xP(x) f ) ¬∀xP(x)

19. Suppose that the domain of the propositional function
P(x) consists of the integers 1, 2, 3, 4, and 5. Express
these statements without using quantifiers, instead using
only negations, disjunctions, and conjunctions.
a) ∃xP(x) b) ∀xP(x)
c) ¬∃xP(x) d) ¬∀xP(x)
e) ∀x((x ≠ 3) → P(x)) ∨ ∃x¬P(x)

20. Suppose that the domain of the propositional function
P(x) consists of −5, −3, −1, 1, 3, and 5. Express these
statements without using quantifiers, instead using only
negations, disjunctions, and conjunctions.
a) ∃xP(x) b) ∀xP(x)
c) ∀x((x ≠ 1) → P(x))
d) ∃x((x ≥ 0) ∧ P(x))
e) ∃x(¬P(x)) ∧ ∀x((x < 0) → P(x))

21. For each of these statements find a domain for which the
statement is true and a domain for which the statement is
false.
a) Everyone is studying discrete mathematics.
b) Everyone is older than 21 years.
c) Every two people have the same mother.
d) No two different people have the same grandmother.

22. For each of these statements find a domain for which the
statement is true and a domain for which the statement is
false.
a) Everyone speaks Hindi.
b) There is someone older than 21 years.
c) Every two people have the same first name.
d) Someone knows more than two other people.

23. Translate in two ways each of these statements into logi-
cal expressions using predicates, quantifiers, and logical
connectives. First, let the domain consist of the students
in your class and second, let it consist of all people.
a) Someone in your class can speak Hindi.
b) Everyone in your class is friendly.
c) There is a person in your class who was not born in

California.
d) A student in your class has been in a movie.
e) No student in your class has taken a course in logic

programming.
24. Translate in two ways each of these statements into logi-

cal expressions using predicates, quantifiers, and logical
connectives. First, let the domain consist of the students
in your class and second, let it consist of all people.
a) Everyone in your class has a cellular phone.
b) Somebody in your class has seen a foreign movie.
c) There is a person in your class who cannot swim.
d) All students in your class can solve quadratic equa-

tions.
e) Some student in your class does not want to be rich.

25. Translate each of these statements into logical expres-
sions using predicates, quantifiers, and logical connec-
tives.
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Successively applying the rules for negating quantified expressions, we construct this sequence
of equivalent statements:

¬∀!>0 ∃">0 ∀x(0<|x − a|<" → |f (x) − L|<!)
≡ ∃!>0 ¬∃">0 ∀x(0<|x − a|<" → |f (x) − L|<!)
≡ ∃!>0 ∀">0 ¬∀x(0< |x − a|<" → |f (x) − L|<!)
≡ ∃!>0 ∀">0 ∃x ¬(0<|x − a|<" → |f (x) − L|<!)
≡ ∃!>0 ∀">0 ∃x(0< |x − a|<" ∧ |f (x) − L|≥ !).

In the last step we used the equivalence ¬(p → q) ≡ p ∧ ¬q, which follows from the fifth
equivalence in Table 7 of Section 1.3.

Because the statement “limx→a f (x) does not exist” means for all real numbers L,
limx→a f (x) ≠ L, this can be expressed as

∀L∃!>0 ∀">0 ∃x(0 < |x − a| < " ∧ |f (x) − L| ≥ !).
This last statement says that for every real number L there is a real number ! > 0 such
that for every real number " > 0, there exists a real number x such that 0 < |x − a| < " and
|f (x) − L| ≥ !. ◂

Exercises

1. Translate these statements into English, where the do-
main for each variable consists of all real numbers.
a) ∀x∃y(x < y)
b) ∀x∀y(((x ≥ 0) ∧ (y ≥ 0)) → (xy ≥ 0))
c) ∀x∀y∃z(xy = z)

2. Translate these statements into English, where the do-
main for each variable consists of all real numbers.
a) ∃x∀y(xy = y)
b) ∀x∀y(((x ≥ 0) ∧ (y < 0)) → (x − y > 0))
c) ∀x∀y∃z(x = y + z)

3. Let Q(x, y) be the statement “x has sent an e-mail mes-
sage to y,” where the domain for both x and y consists of
all students in your class. Express each of these quantifi-
cations in English.
a) ∃x∃yQ(x, y) b) ∃x∀yQ(x, y)
c) ∀x∃yQ(x, y) d) ∃y∀xQ(x, y)
e) ∀y∃xQ(x, y) f ) ∀x∀yQ(x, y)

4. Let P(x, y) be the statement “Student x has taken class y,”
where the domain for x consists of all students in your
class and for y consists of all computer science courses
at your school. Express each of these quantifications in
English.
a) ∃x∃yP(x, y) b) ∃x∀yP(x, y)
c) ∀x∃yP(x, y) d) ∃y∀xP(x, y)
e) ∀y∃xP(x, y) f ) ∀x∀yP(x, y)

5. Let W(x, y) mean that student x has visited website y,
where the domain for x consists of all students in your
school and the domain for y consists of all websites. Ex-
press each of these statements by a simple English sen-
tence.
a) W(Sarah Smith, www.att.com)
b) ∃xW(x, www.imdb.org)
c) ∃yW(José Orez, y)
d) ∃y(W(Ashok Puri, y) ∧W(Cindy Yoon, y))
e) ∃y∀z(y ≠ (David Belcher) ∧ (W(David Belcher, z) →

W(y,z)))
f ) ∃x∃y∀z((x ≠ y) ∧ (W(x, z) ↔ W(y, z)))

6. Let C(x, y) mean that student x is enrolled in class y,
where the domain for x consists of all students in your
school and the domain for y consists of all classes being
given at your school. Express each of these statements by
a simple English sentence.
a) C(Randy Goldberg, CS 252)
b) ∃xC(x, Math 695)
c) ∃yC(Carol Sitea, y)
d) ∃x(C(x, Math 222) ∧C(x, CS 252))
e) ∃x∃y∀z((x ≠ y) ∧ (C(x, z) → C(y, z)))
f ) ∃x∃y∀z((x ≠ y) ∧ (C(x, z) ↔ C(y, z)))

7. Let T(x, y) mean that student x likes cuisine y, where the
domain for x consists of all students at your school and
the domain for y consists of all cuisines. Express each of
these statements by a simple English sentence.
a) ¬T(Abdallah Hussein, Japanese)
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b) ∃xT(x, Korean) ∧ ∀xT(x, Mexican)
c) ∃y(T(Monique Arsenault, y) ∨

T(Jay Johnson, y))
d) ∀x∀z∃y((x ≠ z) → ¬(T(x, y) ∧ T(z, y)))
e) ∃x∃z∀y(T(x, y) ↔ T(z, y))
f ) ∀x∀z∃y(T(x, y) ↔ T(z, y))

8. Let Q(x, y) be the statement “Student x has been a con-
testant on quiz show y.” Express each of these sentences
in terms of Q(x, y), quantifiers, and logical connectives,
where the domain for x consists of all students at your
school and for y consists of all quiz shows on televi-
sion.
a) There is a student at your school who has been a con-

testant on a television quiz show.
b) No student at your school has ever been a contestant

on a television quiz show.
c) There is a student at your school who has been a con-

testant on Jeopardy! and on Wheel of Fortune.
d) Every television quiz show has had a student from

your school as a contestant.
e) At least two students from your school have been con-

testants on Jeopardy!.
9. Let L(x, y) be the statement “x loves y,” where the domain

for both x and y consists of all people in the world. Use
quantifiers to express each of these statements.
a) Everybody loves Jerry.
b) Everybody loves somebody.
c) There is somebody whom everybody loves.
d) Nobody loves everybody.
e) There is somebody whom Lydia does not love.
f ) There is somebody whom no one loves.
g) There is exactly one person whom everybody loves.
h) There are exactly two people whom Lynn loves.
i) Everyone loves himself or herself.
j) There is someone who loves no one besides himself

or herself.
10. Let F(x, y) be the statement “x can fool y,” where the do-

main consists of all people in the world. Use quantifiers
to express each of these statements.
a) Everybody can fool Fred.
b) Evelyn can fool everybody.
c) Everybody can fool somebody.
d) There is no one who can fool everybody.
e) Everyone can be fooled by somebody.
f ) No one can fool both Fred and Jerry.
g) Nancy can fool exactly two people.
h) There is exactly one person whom everybody can

fool.
i) No one can fool himself or herself.
j) There is someone who can fool exactly one person

besides himself or herself.
11. Let S(x) be the predicate “x is a student,” F(x) the pred-

icate “x is a faculty member,” and A(x, y) the predicate
“x has asked y a question,” where the domain consists of
all people associated with your school. Use quantifiers to
express each of these statements.
a) Lois has asked Professor Michaels a question.
b) Every student has asked Professor Gross a question.

c) Every faculty member has either asked Professor
Miller a question or been asked a question by Pro-
fessor Miller.

d) Some student has not asked any faculty member a
question.

e) There is a faculty member who has never been asked
a question by a student.

f ) Some student has asked every faculty member a ques-
tion.

g) There is a faculty member who has asked every other
faculty member a question.

h) Some student has never been asked a question by a
faculty member.

12. Let I(x) be the statement “x has an Internet connection”
and C(x, y) be the statement “x and y have chatted over
the Internet,” where the domain for the variables x and y
consists of all students in your class. Use quantifiers to
express each of these statements.
a) Jerry does not have an Internet connection.
b) Rachel has not chatted over the Internet with

Chelsea.
c) Jan and Sharon have never chatted over the Internet.
d) No one in the class has chatted with Bob.
e) Sanjay has chatted with everyone except Joseph.
f ) Someone in your class does not have an Internet con-

nection.
g) Not everyone in your class has an Internet connec-

tion.
h) Exactly one student in your class has an Internet con-

nection.
i) Everyone except one student in your class has an In-

ternet connection.
j) Everyone in your class with an Internet connection

has chatted over the Internet with at least one other
student in your class.

k) Someone in your class has an Internet connection but
has not chatted with anyone else in your class.

l) There are two students in your class who have not
chatted with each other over the Internet.

m) There is a student in your class who has chatted with
everyone in your class over the Internet.

n) There are at least two students in your class who have
not chatted with the same person in your class.

o) There are two students in the class who between them
have chatted with everyone else in the class.

13. Let M(x, y) be “x has sent y an e-mail message” and
T(x, y) be “x has telephoned y,” where the domain con-
sists of all students in your class. Use quantifiers to ex-
press each of these statements. (Assume that all e-mail
messages that were sent are received, which is not the
way things often work.)
a) Chou has never sent an e-mail message to Koko.
b) Arlene has never sent an e-mail message to or tele-

phoned Sarah.
c) José has never received an e-mail message from Deb-

orah.
d) Every student in your class has sent an e-mail mes-

sage to Ken.
e) No one in your class has telephoned Nina.
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c) The difference of two negative integers is not neces-
sarily negative.

d) The absolute value of the sum of two integers does
not exceed the sum of the absolute values of these in-
tegers.

21. Use predicates, quantifiers, logical connectives, and
mathematical operators to express the statement that ev-
ery positive integer is the sum of the squares of four in-
tegers.

22. Use predicates, quantifiers, logical connectives, and
mathematical operators to express the statement that there
is a positive integer that is not the sum of three squares.

23. Express each of these mathematical statements using
predicates, quantifiers, logical connectives, and mathe-
matical operators.
a) The product of two negative real numbers is positive.
b) The difference of a real number and itself is zero.
c) Every positive real number has exactly two square

roots.
d) A negative real number does not have a square root

that is a real number.
24. Translate each of these nested quantifications into an En-

glish statement that expresses a mathematical fact. The
domain in each case consists of all real numbers.
a) ∃x∀y(x + y = y)
b) ∀x∀y(((x ≥ 0) ∧ (y < 0)) → (x − y > 0))
c) ∃x∃y(((x ≤ 0) ∧ (y ≤ 0)) ∧ (x − y > 0))
d) ∀x∀y((x ≠ 0) ∧ (y ≠ 0) ↔ (xy ≠ 0))

25. Translate each of these nested quantifications into an En-
glish statement that expresses a mathematical fact. The
domain in each case consists of all real numbers.
a) ∃x∀y(xy = y)
b) ∀x∀y(((x < 0) ∧ (y < 0)) → (xy > 0))
c) ∃x∃y((x2 > y) ∧ (x < y))
d) ∀x∀y∃z(x + y = z)

26. Let Q(x, y) be the statement “x + y = x − y.” If the do-
main for both variables consists of all integers, what are
the truth values?
a) Q(1, 1) b) Q(2, 0)
c) ∀yQ(1, y) d) ∃xQ(x, 2)
e) ∃x∃yQ(x, y) f ) ∀x∃yQ(x, y)
g) ∃y∀xQ(x, y) h) ∀y∃xQ(x, y)
i) ∀x∀yQ(x, y)

27. Determine the truth value of each of these statements if
the domain for all variables consists of all integers.
a) ∀n∃m(n2 < m) b) ∃n∀m(n < m2)
c) ∀n∃m(n + m = 0) d) ∃n∀m(nm = m)
e) ∃n∃m(n2 + m2 = 5) f ) ∃n∃m(n2 + m2 = 6)
g) ∃n∃m(n + m = 4 ∧ n − m = 1)
h) ∃n∃m(n + m = 4 ∧ n − m = 2)
i) ∀n∀m∃p(p = (m + n)∕2)

28. Determine the truth value of each of these statements
if the domain of each variable consists of all real num-
bers.
a) ∀x∃y(x2 = y) b) ∀x∃y(x = y2)
c) ∃x∀y(xy = 0) d) ∃x∃y(x + y ≠ y + x)

e) ∀x(x ≠ 0 → ∃y(xy = 1))
f ) ∃x∀y(y ≠ 0 → xy = 1)
g) ∀x∃y(x + y = 1)
h) ∃x∃y(x + 2y = 2 ∧ 2x + 4y = 5)
i) ∀x∃y(x + y = 2 ∧ 2x − y = 1)
j) ∀x∀y∃z(z = (x + y)∕2)

29. Suppose the domain of the propositional function P(x, y)
consists of pairs x and y, where x is 1, 2, or 3 and y is 1, 2,
or 3. Write out these propositions using disjunctions and
conjunctions.
a) ∀x∀yP(x, y) b) ∃x∃yP(x, y)
c) ∃x∀yP(x, y) d) ∀y∃xP(x, y)

30. Rewrite each of these statements so that negations ap-
pear only within predicates (that is, so that no negation
is outside a quantifier or an expression involving logical
connectives).
a) ¬∃y∃xP(x, y) b) ¬∀x∃yP(x, y)
c) ¬∃y(Q(y) ∧ ∀x¬R(x, y))
d) ¬∃y(∃xR(x, y) ∨ ∀xS(x, y))
e) ¬∃y(∀x∃zT(x, y, z) ∨ ∃x∀zU(x, y, z))

31. Express the negations of each of these statements so that
all negation symbols immediately precede predicates.
a) ∀x∃y∀zT(x, y, z)
b) ∀x∃yP(x, y) ∨ ∀x∃yQ(x, y)
c) ∀x∃y(P(x, y) ∧ ∃zR(x, y, z))
d) ∀x∃y(P(x, y) → Q(x, y))

32. Express the negations of each of these statements so that
all negation symbols immediately precede predicates.
a) ∃z∀y∀xT(x, y, z)
b) ∃x∃yP(x, y) ∧ ∀x∀yQ(x, y)
c) ∃x∃y(Q(x, y) ↔ Q(y, x))
d) ∀y∃x∃z(T(x, y, z) ∨ Q(x, y))

33. Rewrite each of these statements so that negations ap-
pear only within predicates (that is, so that no negation
is outside a quantifier or an expression involving logical
connectives).
a) ¬∀x∀yP(x, y) b) ¬∀y∃xP(x, y)
c) ¬∀y∀x(P(x, y) ∨ Q(x, y))
d) ¬(∃x∃y¬P(x, y) ∧ ∀x∀yQ(x, y))
e) ¬∀x(∃y∀zP(x, y, z) ∧ ∃z∀yP(x, y, z))

34. Find a common domain for the variables x, y, and
z for which the statement ∀x∀y((x ≠ y) → ∀z((z = x) ∨
(z = y))) is true and another domain for which it is false.

35. Find a common domain for the variables x, y, z,
and w for which the statement ∀x∀y∀z∃w((w ≠ x) ∧
(w ≠ y) ∧ (w ≠ z)) is true and another common domain
for these variables for which it is false.

36. Express each of these statements using quantifiers. Then
form the negation of the statement so that no negation is
to the left of a quantifier. Next, express the negation in
simple English. (Do not simply use the phrase “It is not
the case that.”)
a) No one has lost more than one thousand dollars play-

ing the lottery.
b) There is a student in this class who has chatted with

exactly one other student.
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c) The difference of two negative integers is not neces-
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d) The absolute value of the sum of two integers does
not exceed the sum of the absolute values of these in-
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21. Use predicates, quantifiers, logical connectives, and
mathematical operators to express the statement that ev-
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22. Use predicates, quantifiers, logical connectives, and
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that is a real number.
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a) ∃x∀y(x + y = y)
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exactly one other student.
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c) The difference of two negative integers is not neces-
sarily negative.

d) The absolute value of the sum of two integers does
not exceed the sum of the absolute values of these in-
tegers.

21. Use predicates, quantifiers, logical connectives, and
mathematical operators to express the statement that ev-
ery positive integer is the sum of the squares of four in-
tegers.

22. Use predicates, quantifiers, logical connectives, and
mathematical operators to express the statement that there
is a positive integer that is not the sum of three squares.

23. Express each of these mathematical statements using
predicates, quantifiers, logical connectives, and mathe-
matical operators.
a) The product of two negative real numbers is positive.
b) The difference of a real number and itself is zero.
c) Every positive real number has exactly two square

roots.
d) A negative real number does not have a square root

that is a real number.
24. Translate each of these nested quantifications into an En-

glish statement that expresses a mathematical fact. The
domain in each case consists of all real numbers.
a) ∃x∀y(x + y = y)
b) ∀x∀y(((x ≥ 0) ∧ (y < 0)) → (x − y > 0))
c) ∃x∃y(((x ≤ 0) ∧ (y ≤ 0)) ∧ (x − y > 0))
d) ∀x∀y((x ≠ 0) ∧ (y ≠ 0) ↔ (xy ≠ 0))

25. Translate each of these nested quantifications into an En-
glish statement that expresses a mathematical fact. The
domain in each case consists of all real numbers.
a) ∃x∀y(xy = y)
b) ∀x∀y(((x < 0) ∧ (y < 0)) → (xy > 0))
c) ∃x∃y((x2 > y) ∧ (x < y))
d) ∀x∀y∃z(x + y = z)

26. Let Q(x, y) be the statement “x + y = x − y.” If the do-
main for both variables consists of all integers, what are
the truth values?
a) Q(1, 1) b) Q(2, 0)
c) ∀yQ(1, y) d) ∃xQ(x, 2)
e) ∃x∃yQ(x, y) f ) ∀x∃yQ(x, y)
g) ∃y∀xQ(x, y) h) ∀y∃xQ(x, y)
i) ∀x∀yQ(x, y)

27. Determine the truth value of each of these statements if
the domain for all variables consists of all integers.
a) ∀n∃m(n2 < m) b) ∃n∀m(n < m2)
c) ∀n∃m(n + m = 0) d) ∃n∀m(nm = m)
e) ∃n∃m(n2 + m2 = 5) f ) ∃n∃m(n2 + m2 = 6)
g) ∃n∃m(n + m = 4 ∧ n − m = 1)
h) ∃n∃m(n + m = 4 ∧ n − m = 2)
i) ∀n∀m∃p(p = (m + n)∕2)

28. Determine the truth value of each of these statements
if the domain of each variable consists of all real num-
bers.
a) ∀x∃y(x2 = y) b) ∀x∃y(x = y2)
c) ∃x∀y(xy = 0) d) ∃x∃y(x + y ≠ y + x)

e) ∀x(x ≠ 0 → ∃y(xy = 1))
f ) ∃x∀y(y ≠ 0 → xy = 1)
g) ∀x∃y(x + y = 1)
h) ∃x∃y(x + 2y = 2 ∧ 2x + 4y = 5)
i) ∀x∃y(x + y = 2 ∧ 2x − y = 1)
j) ∀x∀y∃z(z = (x + y)∕2)

29. Suppose the domain of the propositional function P(x, y)
consists of pairs x and y, where x is 1, 2, or 3 and y is 1, 2,
or 3. Write out these propositions using disjunctions and
conjunctions.
a) ∀x∀yP(x, y) b) ∃x∃yP(x, y)
c) ∃x∀yP(x, y) d) ∀y∃xP(x, y)

30. Rewrite each of these statements so that negations ap-
pear only within predicates (that is, so that no negation
is outside a quantifier or an expression involving logical
connectives).
a) ¬∃y∃xP(x, y) b) ¬∀x∃yP(x, y)
c) ¬∃y(Q(y) ∧ ∀x¬R(x, y))
d) ¬∃y(∃xR(x, y) ∨ ∀xS(x, y))
e) ¬∃y(∀x∃zT(x, y, z) ∨ ∃x∀zU(x, y, z))

31. Express the negations of each of these statements so that
all negation symbols immediately precede predicates.
a) ∀x∃y∀zT(x, y, z)
b) ∀x∃yP(x, y) ∨ ∀x∃yQ(x, y)
c) ∀x∃y(P(x, y) ∧ ∃zR(x, y, z))
d) ∀x∃y(P(x, y) → Q(x, y))

32. Express the negations of each of these statements so that
all negation symbols immediately precede predicates.
a) ∃z∀y∀xT(x, y, z)
b) ∃x∃yP(x, y) ∧ ∀x∀yQ(x, y)
c) ∃x∃y(Q(x, y) ↔ Q(y, x))
d) ∀y∃x∃z(T(x, y, z) ∨ Q(x, y))

33. Rewrite each of these statements so that negations ap-
pear only within predicates (that is, so that no negation
is outside a quantifier or an expression involving logical
connectives).
a) ¬∀x∀yP(x, y) b) ¬∀y∃xP(x, y)
c) ¬∀y∀x(P(x, y) ∨ Q(x, y))
d) ¬(∃x∃y¬P(x, y) ∧ ∀x∀yQ(x, y))
e) ¬∀x(∃y∀zP(x, y, z) ∧ ∃z∀yP(x, y, z))

34. Find a common domain for the variables x, y, and
z for which the statement ∀x∀y((x ≠ y) → ∀z((z = x) ∨
(z = y))) is true and another domain for which it is false.

35. Find a common domain for the variables x, y, z,
and w for which the statement ∀x∀y∀z∃w((w ≠ x) ∧
(w ≠ y) ∧ (w ≠ z)) is true and another common domain
for these variables for which it is false.

36. Express each of these statements using quantifiers. Then
form the negation of the statement so that no negation is
to the left of a quantifier. Next, express the negation in
simple English. (Do not simply use the phrase “It is not
the case that.”)
a) No one has lost more than one thousand dollars play-

ing the lottery.
b) There is a student in this class who has chatted with

exactly one other student.


